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A mathematical model of crystallization in an emulsion
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A mathematical model incorporating many of the important processes at work in the crystallization
of emulsions is presented. The model describes nucleation within the discontinuous domain of an
emulsion, precipitation in the continuous domain, transport of monomers between the two domains,
and formation and subsequent growth of crystals in both domains. The model is formulated as an
autonomous system of nonlinear, coupled ordinary differential equations. The description of
nucleation and precipitation is based upon the Becker—Ddring equations of classical nucleation
theory. A particular feature of the model is that the number of particles of all species present is
explicitly conserved; this differs from work that employs Arrhenius descriptions of nucleation rate.
Since the model includes many physical effects, it is analyzed in stages so that the role of each
process may be understood. When precipitation occurs in the continuous domain, the concentration
of monomers falls below the equilibrium concentration at the surface of the drops of the
discontinuous domain. This leads to a transport of monomers from the drops into the continuous
domain that are then incorporated into crystals and nuclei. Since the formation of crystals is
irreversible and their subsequent growth inevitable, crystals forming in the continuous domain
effectively act as a sink for monomers “sucking” monomers from the drops. In this case, numerical
calculations are presented which are consistent with experimental observations. In the case in which
critical crystal formation does not occur, the stationary solution is found and a linear stability
analysis is performed. Bifurcation diagrams describing the loci of stationary solutions, which may
be multiple, are numerically calculated. ZD05 American Institute of Physics
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I. INTRODUCTION Suppose that the nuclei of the organic melt precipitate
and crystal formation and growth occur exclusively in the
Nucleation and precipitation processes are notoriouslyélqueous domain, the depletion of monomer concentration
hard to predict, describe, and control. They typically involvepe|ow the equilibrium concentration at the curved surface of
the transient existence of microscopic species that makes thge drops gives rise to a diffusional drive of monomers from
process hard to observe and quantify. Once aggre@eltes  the drops into the aqueous domain. The monomers entering
terg of observable sizes have formed, they have typicallyihe aqueous domain may attach themselves to the crystals
been subject to growth processes dissimilar to the initial forynere and the process continues, perhaps until the drops have
mation steps. In addition, in an experimental, industrial, orcompletely evaporated. Now consider the converse situation
naturally occurring crystallization there may be several interin, \which crystals form and grow only in the drops. Mono-
acting processes at work. _ ~_ mers incorporated into crystals are fixed and may not move
This paper considers the nucleation and precipitationnto the aqueous domain. However, if the concentration of
processes, and the subsequent formation and growth of crygyonomers in the aqueous domain is not at the equilibrium
tals, within an emulsion. Specifically, we consider an emul-concentration at the curved surface, monomers may enter or
sion consisting of liquid drops of an organic me#g., ol |eave the drops, which affects crystal formation and growth.

within an aqueous domain and the drops are stabilized with ghese two situations represent only the extremes of a con-
surfactant. The organic melt is sparingly soluble in the agueinyum of possible behaviors.

tendency for the melt in the drops to nucleate and for thgyppeal is made to chemical thermodynamics. The reason for
organic melt in the aqueous domain to precipitate. This Situthjs s that nucleation and crystal growth is an inherently
ation can arise in an industrial crystallization process whergransient phenomenon and such time dependence cannot be
one is attempting to manufacture separate small crystals Qfeated using equilibrium arguments. The model of the nucle-

the organic compound. ation and precipitation processes is based upon the Becker—
Doring equations of classical nucleation thebryrhe

¥Electronic mail: dif@cpom.ucl.ac.uk Becker—Doring equations, however, are very comptaey
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consist, in principle, of an infinite sequence of ordinary dif-taches to am cluster is proportional to the concentrations of
ferential equationsand their adoption would prevent the de- each, the kinetic coefficierd, being independent of time.
velopment of a tractable model. In the past, this has limitedrhe breakup of am+1 cluster is spontaneous, and therefore
their application to unduly idealized situations. It is for this the rate at whichr clusters are formed by this process is
reason that a simplified, so-called contracted, model of th@roportional to the concentratiogy,, the coefficient again
nucleation/precipitation process has been adopted. The useloéing treated as time-independent. Various forms for the rate
this model is justified upon the basis of some importantconstants have been postulated, the most widely used are
result$ and is described in the next section. derived from the diffusion or the ballistic model. In the origi-

Once critical nuclei are formed, they grow into crystals. nal studies of the BD equatioﬁshe monomer concentration
There are several mechanisms involved in this process andlas held fixed, the so-called pool chemical approximation.
the model developed here treats them crudely. The crystalBhis has the significant advantage that the equations are then
are assumed simply to grow either at a constant rate or atlamear. In contrast to this, we consider the case in which the
rate determined by the kinetics of the process, whereby thtotal number of particles is held fixdéq. (2)] and retained,
monomers are incorporated into the forming crystal. Theand the system thermodynamically closed.
rates of crystal growth are different in the drops and aqueous A significant impediment to the analysis of the above
domain. The precise laws describing crystal growth probablsystem is that there are an infinite number@finary dif-
do not qualitatively affect the results of the model; the im-ferential equations. Recent wérkas led to a systematic,
portant point is that they deplete the monomer concentratiormathematically convincing, way of simplifying this system
The model of the transport of monomers between the dropssing a renormalization procedure. The essential idea is to
and aqueous domain through the surfactant is, by necessitgyevelop a coarse-grained model of the process in which only
ad hoc and may be sensitively dependent upon thethe evolution of ranges of cluster sizes are considered. The
surfactant-monomer interaction. We consider diffusion-required simplification of the system is obtained using a so-
limited transport of monomer, which is that used in thecalled maximal contraction of the equations. In this case, we
Lifshitz—Slyozov—Wagner theory of coarsenin@stwald track, for example, the concentration of monomeysand
ripenin@,g'4 and chemical kinetic-limited transport of representative concentrations of clusters in the ra@ge
monomer~’ ~Cy>2:+-Cre1=Cy, =r+1,Cy,, 11~ Coe The crucial fea-

In Sec. I, the mathematical model is developed and disture is that the final range consists of a countably infinite
cussed. Since the model incorporates a number of physicaumber of cluster sizes, and thus the number of differential
processes, in Sec. Ill several special cases are considered, #ruations describing the nucleation kinetics becomes finite.
reduced model equations solved, and the results discussed. The nucleation equations we shall consider in this paper
Concluding remarks are made in Sec. IV. correspond to the simplest maximal contraction of the BD

equations and are

Il. MATHEMATICAL MODEL

d

The classical theory of nucleation rests upon the Becker— d_(? = —kp(ci -~ vep), (5)
Déring (BD) equations describing the coagulation and frag-
mentation of clusters. They are a special case of the Smolu-
chowski equationgsee, for example, van Dongge}n'n that a6 _ k(ch - yc,). (6)
they allow growth(decay of clusters only by the addition dt P
(remova) of individual particles or monomerg.g., atoms,
molecules, etg.

The BD equations describe the dynamics of the follow-
ing process:

These equations describe homogeneous nucleation and we
track only the evolution of the monomer concentratign
and clusters containing or fewer monomers,. We inter-
pretp as the number of monomers in a nucleus which make
G +Cr=Cry, (1) it observable, for example, to strong x-ray scattefirand
thusp may correspond to a precritical nuclei. Where precriti-
cal nuclei are not observable but crystals are observed, we
setp equal to the number of monomers in a critical nucleus.
In this case, we estimate using equilibrium thermodynam-
ics; several expressions for the critical radius of a nucleus
exist for its formation from a melt or solutiorisee, for ex-
, - ample, Dunnind). The concentrations evolve from some
€= _J1_2 I, (2 initial values according to the above kinetic equations and
= nucleation corresponds to a sharp increasejn.e., an in-
6=3 -3 3) crease in the number of observable nuclei. Typu;ally there is
rose e some time before, becomes observably largahich hap-
4) pens quite suddenlythis is called the nucleation induction
time and can vary from the order of microseconds to days or
The final equation prescribes a form fdr, the flux from  even longer. That these equations have a unique, globally
clusters of size to r+1. The rate at which a monomer at- stable, stationary solution has been shéwn.

whereC; is a monomergC, is a cluster consisting of mono-
mers andC,,; is a cluster consisting af+1 monomers. De-
noting the concentration of monomers with and therth
cluster(r>1) by c,, we write the BD equations describing
the process as

J; =3,C,Cy —~ brs1Crag.
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Adoption of this model, and its generalizations outlinedpresent. Setting|., equal to the number of crystals, we have
in this paper, implies conservation of thetal numberof
monomers, which may be in the molten drop or the aqueous ANy - r
domain as monomers, clusters, or crystals. This is a depar- dt =

ture from much work on nucleation/precipitation which uses o h Is f h by the ab . f
Arrhenius rate laws for the nucleation rafe such asJ nce these crystals form, they grow by the absorption o

=C exp(—~AF/KT), whereC is a constantAF is the differ-  MONOMETs, which occurs at some rgteThe rate at which

ence in Helmholtz free energy associated with the formatiof"ONOMers are absorbed into the crystalgjs given by

of a critical nucleus from the separate monomers, ksl £ =N 9)
Boltzmann’'s constant. In the classical theory of nucleation g = Neryd:

_(see, for _example,_ DL_mniﬁ% the Arrhenius nucl_eation "t The rate at which a crystal growg, is taken either to be

IS detgrmmeq by finding the steady-state so-lut|on of the BDconstant or limited by the rate of incorporation of a monomer
equations withconstantmonomer concentration and calcu-

) X ~ into a growing facglaggregation-limited This latter rate is
lating the flux of monomers through the different cluster SiZ€ptten parametrized into the form

classes using the Gibbs—Thompson equation for the partial
pressure of a given cluster size. In the original formulation, {KGA(a—a*)m (a> a*)}
g= .

(8)

the constant monomer concentration was maintained by de- (10)

composing clusters of a critical size into monomers. How-

ever, since_ critical nuclei grow into cryst_als rather thgn de-In this expressionk is a lumped parameter which includes
compose into monomers, the assumptions underlying thg,o coefficient of mass transfer by diffusi¢anlikely to be
calculation of the Arrhenius nucleation rate cannot be meFmportant in a meltand a rate constant for the surface in-

without a constant influx of monomers into the system Sucn:orporation processA is an O(1) constant inserted to ac-
as, for example, could be supphed in a well-stirred tank r€count for geometrym is a positive-order parameter which is
actor. Although the assumption of constant monomer con

] i : L e experimentally determined; aral is the equilibrium satura-
centration may be appropriate in many situations, it is no

. 2 ion concentration in contact with the bulk-solid phase. For
applicable to the processes we model in this paper; the tran rowth from a melta" is the equilibrium concentration of
port of monomers k_)etV\_/een the drops and aqueous doma onomers in the melt adjacent to the bulk solid.
and the|_r mcqrporatlon into crysta_ls are mutually dependent. Since the crystals comprise a separate phase, as they
A combmatona_l madel _Of nu_cleatlon and grystal gr_owth U_S'grow in volume it follows that the volume of the melt or
ing the_ Ar.rhenlus .relaltlon.sh|p for nuclea_tlon ra}(la in a d's'aqueous domain must correspondingly shrink. Thus
perse liquid(emulsion is given by Kashchieet al.™ In the
following sections, we generalize the contracted BD model
of nucleation/precipitation to include crystal formation and  —; =~ (P+ DvpnFet — vmFegs (11
growth, and transport of monomers between the drops and

aqueous domain. _ _ whereuv,, is the volume of a monomer, and we have assumed
Once critical nuclei have formed, the formation of crys- 4t there is no change in the volume of a crystal due to
tals is inevitable. The addition of a single monomer to ajnternal restructuring processes.

critical nucleus creates, by our definition, a crystal. The for-  \ve now consider the transport of monomers between the

mation of a crystal involves an internal restructuring processaqueous domain and the drops without crystal formation and
As a result of this restructuring, which we do not explicitly

) ; . rowth, a process we shall refer to as ripening but which
model, the subsequent growth of a crystal is quite differengy g4 not be confused with Ostwald ripening or coarsening.

from the formation of the critical nucleus. Subsequentyye assume that all of the drops are of the same voNigg

growth results in a monotonic decrease in Helmholtz fregyny are spherical. Since this excludes competitive diffusion,
energy.’ Many processes are potentially important to thisihe nymber of drops\y remains constant and coarsening
growth, for example, the incorporation of monomers into ayyes not oceur.

growing face, dissipation of heat of fusion, and extraction of require an equation describing the transport of

impurity. From the point of view of our model development, \,snomers between the drops and aqueous domain. We con-

however, the crucial feature of crystal formation and growthgjqer two functional forms for this, corresponding to

from critical nuclei is that these processes are irreversiblgitssion-limited transport or (chemical ~kinetic-limited
and the crystals constitute a separate solid phageisfthe  yansport. In the diffusion-limited transport, the rate-limiting
number of monomers in a cluster which make it a criticalgtgp, is the time for monomers to diffuse to or from the drop
nucleus, then the rate of crystal formatigi is given by surface to the bulk solution. This is the situation considered
Fu=k(@v(bVv), (7) by Lifshitz and Slyozo¥ and Wa_gne“r (LSW) in the devel-
opment of a theory of coarsening; we summarize some of
whereV is the volume of melt or aqueous domain dqds a  their arguments below. A discussion of some issues related to
constant of proportionalitya and b are the monomer and this approach to the transport of monomers can be found in
critical nuclei concentrations, respectively. This law ex-Mozyrsky and Privman? In particular, in the diffusion limit,
presses that the number of crystals formed is proportional tthe role of the surfactant is minimal. The alternative we con-
the number of monomers and the number of critical nuclesider is that in which the interaction of the surfactant with a

0 (a<a)
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monomer is the rate-controlling process. This has been corgrop surfacex—aqqm However, the net rate of attachment/
sidered in a series of papers by Sugimofmn his kinetic-  detachment is determined by the precise mechanisms of the

limited theory of coarsening. attachment and detachment processes, which can be consid-
Following the LSW theory of coarsening, we considerered to be chemical reactions. If the transport of monomers is
the diffusion-limited transport to be of the form found to be chemically kinetic limited, the characterization

W2 (R (12) of these attachment and detachment reactions may become
= No(Rattach~ Reetact important. Since we are not concerned here with a particular

whereR.cnis the rate of attachment of monomers to a dropsystem, we shall assume that the attachment/detachment pro-
and Ryeiacn iS the rate of detachment of monomers from aC€Sses can be described using the same rate law. In particu-
drop. lar, we assert that the net rate of attachment/detachment is

The steady-state probability-per-unit time that one of thegiven by the commonly-used reaction-limited transport equa-
diffusing monomers will strike a given drop is calculated by tion,
solving the diffusion equation for the monomer concentra-
tion with an absorbing boundary conditidnero monomer F¥==NgB Sgra — aggmlla = aeqnl", (17)
concentratiopat the surface of the drop and with the mono-
mer concentration at infinity equal to the overall monomere.g., Gray and Scot?, whereB andh are appropriate posi-
concentrationa. The steady-state solution satisfying thesetive constants and Sgn is the function returning the sign of its
condition is(1-R/r)a, wherer is the distance from the cen- argument(inserted to account fdn even.
ter of the sphere of radiu’. From this we calculate the rate Finally, we incorporate all of the processes described
at which monomers strike the drop to be above into one model that describes nucleation in the drops,

precipitation in the aqueous domain, crystal formation and

Ratiach= 47DRa, (13) growth in both domains, and ripening. Writing the concen-
where D is the diffusivity of the monomers. The rate at tration of monomers aa=N;/V whereN; is the number of

. . Ni N
which monomers leave the drop can be calculated by puttinghronomers, we haveda=~;—-y1/26Nv, where 6V
a sink of monomers at infinity and setting their concentratior=v,dN; +pv 6N, andN,, is the number of nuclei. Using this
at the surface of the drop equal to the equilibrium value. Theand the analogous results for the monomers in the aqueous
equilibrium concentration of monomers at the curved surfacelomain and nuclei in both domains, it is straightforward to
of the drop can be calculated from tlnearized Gibbs—  develop the model equations. The full model is
Thompson relation to beegn,=a..(1+I'/R), wherea., is the

equilibrium concentration adjacent to a plane surface land da o 1-a(p+ vy
is a constantat constant temperatyr@roportional to the ai = kop(@® = yob) = ffﬂf
surface tension. The solution of the steady-state diffusion
problem isa..(1+I'/R)R/r, and thus the rate of losing par- (1 -avy) (;cd _ f) (18
ticles from the drop is \% 9 Ng/’
Raetach= 4mDa,(R+1T), (14)
where :I_tt) = ko(@P = yob) - w ;cgf
20v,
r= , (15 bv, F
kBT +T<fgg+ N—d>, (19)
whereo is the surface tensiof, is the temperature ang is
the Boltzmann’s constant. Since we have made no explicit g
assumption about the manner in which the monomers dif- %:ﬂ (20)
fuse, micellular diffusionthe transport of monomers within dt o
micelles is simply accommodated by modifying the value of
D (provided that micellular diffusion satisfies Fick’s lad
Expressing the flu#-S" in terms of the volume of the drop, av__ (p+ Do FS - Um(;cgg+ f) , (21)
we have dt Ny
3V 1/3
FSW= 47D(<ﬂp> (= a.,) - aJ‘). (16) dv. F
am = (22)
The assumption of chemical kinetic-limited transport im- dt Na
plies that the above diffusion processes occur more rapidly
than the attachment/detachment of monomers into/out of a da _ a (1-a(q+ Dvy) 4
drop. The factor determining if there isreet attachment or dat kid(a = y18) = mﬁf
detachment of monomers into/out of a drop is the difference
between the monomer concentration in the aqueous phase _ (1-avy) (F29+ ) (23)
and the equilibrium monomer concentration at the curved (Viot = NgVrop)

Downloaded 02 Mar 2006 to 128.40.208.182. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



174910-5 Crystallization in an emulsion J. Chem. Phys. 122, 174910 (2005)

dg (1-B(g+ Doy Jt
P k(- = P P rag aq (1) = aq (1 _ +(1+ aq (1)
dt 1(a?=np) (Vig— NdVdrop) cf Vcry(t) Um o Ncry(t S)gaq(s)ds (1 Q)UmNcry(t)
+ %(ﬁg— F), (24) (32
(Veor = NVerrop) Using these constraints, it is easily shown that the total
NS number of monomerdl is conserved, where
o] 25 Ve Va
dt ¢ 29 N=NgV(a+ pb) + Ng—~ + Vfa+qp) + —~. (33)
Um Um
dVas We obtain
= @ Do - vnFeg v, (26) "
——=NgV(@a+pb) + NgV(@+b) + Ny(Verop= /v,
wherea is the concentration of monomers within a drbgs dt
the concentration of nuclei containipgmonomers in a drop; . . L ag
a is the concentration of monomers within the aqueous do- *Vadat B) +Vada+ah) + Venfum (34)

main; B is the concentration of nuclei containimgpmono-  using Eq.(29)

mers in the aqueous domaik;and vy, are rate coefficients;

Viot is the total volume of molecules of water plus mono-  — =N V/v,, + NdVdro,Jvm— NdV/Um+Vaq(1
mers, nuclei, and crystals within the whole emulsion; and
superscriptsd or aq identify the rates of crystal formation : 2 - a
and crystal growth and the number and volume of crystals ~VulVag/om + VadVaVad Vaqlvm + Verfvm  (39)
appropriate to the drops and agueous domain, respectively. ifsing Eqs(27) and (28), and

critical nuclei are not formed in one or both of the domains,

the appropriate ratg) of crystal formation igare set to zero dN =0 (36)
and p and/orq (as requirefis set to a value beneath that dt
corresponding to a critical nucleus. using Eq.(30)

Before we proceed with solving the various model equa-

tions, we develop some expressions of conservation of thg. NUMERICAL CALCULATIONS AND DISCUSSION

numbers of particles present. Since we have assumed that the ) ] ] ] ]

densities of nuclei and crystals are identical, these are most 1€ model introduced in the preceding section describes

easily obtained by considering the conservation of volumeS€veral processes and includes many parameters. In the fol-

where there are density differences, the changes to the eqUIQW'”g sections, we consider successively more complete

tions are straightforward though involved. r_nodels in order to deyelop an _understandmg of the interac-
The volume of the melt within a drop i¥=Vav,, tion of the processes included in the model.

+Vbp,,, whence ) o .
A. Nucleation and crystal formation in one domain

1 . - . .
a+pb=—, 27 Here we consider the model describing nucleation kinet-
Um ics and crystal formation and growth in one domain only.
which is constant. Similarly, the volume of the aqueous doOnly in the absence of crystal formation does an exact,
Main isVaq=Viy+Vaq@m* VadlBum WhereV,, is the volume closed-form solution exist. In order to reduce the number of
of all of the molecules of water present and is constant. ReParameters and highlight dominant balances, we nondimen-

arranging, we have sionalize the model equations. This has the added advantage
that numerical calculations with extreme parameter values
1 Vi (which can lead to significant truncation and propagation er-
a+gp= ;(1 _\/_aq> (28) rors can be avoided. Although in this section we consider

N ~ the processes involved in the melt that is in a drop, the case
Additionally, we can express the volume of the melt in aof precipitation of melt in the aqueous system is a trivial

drop as extension. We choose a concentration scale,1the con-
_ e centrationa of a drop containing only monomers, then
V_Vdrop_ cry (29) T T .
€[0,1] andb [0, 1/p], where the overbars indicate the di-
and the volume of the aqueous phase as mensionless quantities. There are four time scales present
= - —\vaa 1 pPl v2 1
Vag= Viot = NaVarop™ Very: (30) TE—, T=o—, 1= ;n I A (37)
kOYO kO V* kf g

The volumes of crystals present in both domains may be
calculated from the integral expressions which we interpret as followsr; is the time scale for a
cluster in the drop to fragmenty is the time scale for a

t
Vgry(t) = Umf Ngry(t -9)gy(s)ds+ (1 + p)vagry(t), (31) monomer in the drop to aggregatg;is the time scale for the
0 formation of a crystal from a critical nucleus; anmgis the
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time scale for the growth of a crystal. In these expressigns, TABLE |. Parameters used in the integration of the equations modeling
is a typical growth rate of the crystals ak@ is a character- nucleation, crystal formation, and crystal growth in one domain.
istic volume scale for the drops. Nondimensionalizing, using

* . Parameter Value Parameter Value
71,V , and our new concentration scale, the reduced model
equations become ri 102 p 100

d ri 107 Oy 1

a 1 * 2
=== —plia’+pb-sli(1-a(p+1)abV 7 10° a 1o
g~ Prsa"rpb-elgl-alp+1) m 1 e 107
l1-a
— el NeyGa, (38)

difficult because they contain rate constants that cannot be
estimated without suitable experimental data, which we have

@:Féap— b-el'y(1-b(p+1))abV+ sF%ENgr 9, been unable to find. Here, and elsewhere in this paper, we
dt v have chosen parameter values that we believe to be physi-
(39) cally plausible; certainly, the model simulations demonstrate
physically reasonable behavior. In Fig. 1, we display the re-
dne sults of a numerical integration of the above model with
T?Y=Féab\/2, (40) aggregation-limited growth from initial values defined in
Table Il. Clearly, the concentration of monomerand criti-

v cal nucleia quickly evolve from the initial state to reason-
—=—(p+ 1)gréab\/2— gr%Ngrygd, (41) ably steady values. This sudden behavior is not apparent in
dt the plots of the volume of melt and number of crystals

where we have dropped overbars for convenience, formed. Until the final stages of the crystallization of the
drop (V—0), the rate of crystal formation is relatively con-
6= Ur*n, (42) stant.
V

and the dimensionless parametEfsare ratios of time scales
B. Nucleation/precipitation in both domains with
T T T i i
ng_l, Fé=—l, F%:—l. (43) ripening

E E T In this section, we consider the model which couples the

This model of nucleation, crystal formation, and crystaltwo domains with ripening but does not include crystal for-
growth has no stationary solutions. The crystals form andnation. We identify the time scales present and perform a
grow until the whole of the drop is crystallifith constant nondimensionalization. We continue to use our concentration

growth rate or a=a’ (with aggregation-limited growthThe  gcgle 14, so thatae[0,1] and B<[0,1/q], where the

model does, however, predict the size distribution of crystalgerpars indicate the dimensionless quantities. There are
as a function of time, which remains fixed once crystalliza-three additional time scales present:

tion has ceasedOver time, we expect the size distribution

of crystals in the crystalline drop to coarsen, but this effect is e 1 = &_1 47)
not included in the modglWe defineNg;,{x,t) as the num- 2Tkeyr YT k!
ber density of crystals containingmonomers at time. It is o )
then evident that and 7,, characteristic of the transport time of monomers be-
g tween the drops and aqueous domain,
Nsizd%,t) = Ng (t = At), (44)
o i 0= 1/F, (48)
whereAt is the solution of
. where
ft . gu(S)ds=x. (45) F' =4nNDa,I (49
For the case in whichy is a constantwhich certainly would ~ for diffusion-limited transport and
not be appropriate for the final stages of the freezing of the N.B
drop), the crystal size distribution is F=— (50

Um

Ngidx,t) = N&. (t = X/g). 46 o , .
sizd X 1) = Nery( 9 (46) for kinetic-limited transport. The time scalg is character-

For aggregation-limited kineticd\s,dX,t) is easily deter- istic of the time taken for a cluster in the aqueous domain to
mined from Eq.(44) by solving Eq.(45) numerically. fragment andr, is the time scale for monomers in the aque-

The equations defining the model of nucleation, crystalous domain to aggregate. We define a volume scale for the
formation, and crystal growth in one domain can easily bedrops from the steady-state solution of E®2) with
solved numerically. The parameters we used are displayed idiffusion-limited transport and setting— 1/v,, giving a
Table I. Choosing appropriate values for these parameters i®lume scale
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a a
t
0.02 004 0.06 0.08 0.1 0.8
098
0.6
096
04
094
092 02
09
4125 415 4175 420 4225 425 4215
b b
412.5 415 417.5 420 422.5 425 4275
0.001 t
0.0008 0.008 FIG. 1. Evolution of the concentra-
0.0006 tions of monomers, critical nucleib,
! 0.006 volume of melt in one domairithe
0.0004 drops only V, and number of crystals
0.004 Ncry-
0.0002
¢ 0.002
0.02 0.04 0.06 008 0.1
v Nery
2
15 60
1 40
0.5 20
t t
100 200 300 400 100 200 300 400
. 4 a3 dv
Vgl ——— ] . (51) — =—el}F. (56)
3 \vy— as dt

We scaleVig, Vaq andV,, with NgV*. Scaling time withr,, The new dimensionless parameté{sare
we write the equations governing the nucleation/

T T
precipitation-ripening kinetics as I';= :l ;= :l (57)
2 4
da 1 (1-a)_, With these scalings, the constraints on the numbers of mono-
“__ P_p) — o
gt -~ P’ —b) - eI, (52 ers present are
a+pb=1 (58)
%’ = (r%ap -b)+ 6\%1%]:, (53) within the drops and
V,
a+qp=1-_" (59)
da 1 1-a aq
= qg_11l 1
dt Al e =T28) evtot— VFO}—’ (59 Lithin the aqueous domain. Note that the last constraint im-
plies thatae<<1. The dimensionless diffusion-limited flux is
dB 1 1 B 1 sw ( P a) 1/3
P q— - =1+ —— VY3, 60
o = Taa®~T2p) Vo % (55) Ft . (60)

and the dimensionless chemical kinetic-limited flux is
TABLE II. Initial values used for the integration of the equations modeling
h

nucleation, crystal formation, and crystal growth in one domain. a,—1 a,—1
fk:—Sg a—aw+w a—acx+w . (61
Variable Initial value Variable Initial value
a 1 v 5 Let us examine the fixed points, or stationary solutions,
b 0 Ney 0 of the nucleation-ripening equations. It is immediately clear

that
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bSS: I‘:]éa’S)S ESS: rlzlagS’

wherel'3=17,/7,, and

1-a., 3
VSS:
Ugs— Qo

(where the subscript ss stands for stationary solutidhe
expression fo =4/ 377R§Scorresponds to the critical radius
which occurs in the LSW theory of coarsening or Ostwald
ripening. In this theory, drops with radil®> R, grow and
drops with radiusR< R shrink. Since all the drops are of
the same radius in the model we are considering, however,
there is no competitive diffusion. Applying the constraints
within the drop and aqueous domain yields the following

equations forass and asg
ass=1- pFéaé’s

and

r V,
Fiags: Ez(l T Qs —W> -

Substituting forVg in this latter equation and rearranging,

we obtain

®)

J. Chem. Phys. 122, 174910 (2005)

07 e ==
06 s B
/
05 7
04 !
03
02 FIG. 2. Bifurcation diagrams showing
04 - the loci of stationary solutionag ver-
- 200 400 600 800 1000 sus(a) T2, (b) Vi, (€) V,, and(d) a...
0 vt For diffusive and linear chemical
kinetic-limited ripening, the solid line
) indicates asymptotic stability and the
1 £ dashed line indicates asymptotic insta-
bility; for nonlinear kinetic-limited
08 ripening, all of the solutions are stable.
05|
04
02
02 04 06 03 1
al
(62) The fixed-point solutions of Eq66), a (q+3)th order
polynomial, are not so easy to identify. Several analytical
techniques exist which can be used to determine the number
of fixed pointsagse [0,1] (see, for example, Witf). How-
(63) ever, the dependence of the polynomial’s coefficients upon

(64)

(65)

1
agg.rzzt((ass_ a’oc)gvtot - (1 - a’oc)g) + a(vw(a’ss_ a’oc)g

—(1-as(1- aw)g + (1 - asd Viol ass— aw)g) =0.

That Eq.(64) has a unique, real, positive solution can be
seen as follows: the right-hand side of the equatioh=i4
—pl'zal; sincel'3>0, p>1, it follows thatdf/das<0 and
thus intercepts the straight lireg at only one real value in

[0, 1].

(66)

the several parameters makes application of these techniques
impractical. Thus, we confine ourselves to a numerical inves-
tigation. Note that the stationary solutions do not depend
upon the form of the flux law.

Since there is always a unique stationary solutigyand
the value ofVis prescribed byr,[see Eq(63)], we focus
pur attention upon the loci of stationary solutiofg as we
vary the model parameters in E¢66) (bifurcation dia-
grams. We construct bifurcation diagrams afs, versus
Fﬁ,Vtm,Vwate,, anda... A coarse grid was used with a conju-
gate gradient optimization method to determine the approxi-
mate location of turning points and hysteresis loops. Once
these were found, a Newton—Raphson method was used to
track the branches of stationary solutions as a function of the
bifurcation parameter. The parameter space searched in this
way was O<a,<1, 0<V,, <100, 0<V,;<10°, and O
<T'%2<10' andq=10.

Figure 2 shows the bifurcation diagrams obtained; ex-
cept for the bifurcation parameter, the parameters used are
given in Table Ill. These diagrams depict several interesting

TABLE IIl. Parameters used to determine the bifurcation diagrams. The
upper set was used to determine the multiple solutiongfgrithe lower set
uniquely definesg

Parameter Value Parameter Value
a, 1078 Viot 100
s 1 Vi, 90
q 10
ri 10 p 10
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features. There exist regions in the parameter space in whicH\BLE IV. Parameters used in the integration of the equations modeling
no stationary solutions exist at all. Numerical calculations"ucéation, growth, and ripening.
indicate that these regions correspond to complete evapora-

. . . . Parameter Value Parameter Value
tion of the drops. As each bifurcation parameter is indepen-
dently varied, branches of stationary solutions appear sud- Iy 1 o 102
denly at so-called cusp catastrophes. The stability of these I 10° my 1
solution branches was determined numerically using a stan- ) 100 9% 1
dard, linear perturbation technique. For diffusion-limited and I3 01
linear kinetic-limited ripening, the asymptotically stable
branches are depicted with a solid line and the asymptoti-
cally unstable with a dashed line; with nonlinear kinetic- db 1
limited ripening, both branchesolid and dashecare stable. dat I'5a®=b-el'5(1-b(p+1))abV

In Fig. 2(a), Fi, the rate of aggregation relative to frag- b b
mentation of clusters in the aqueous domain, is varied. This + SF%\—/Ngrygw 8\_/1~(1)}-' (68)

bifurcation diagram, though it depicts valid solutions of Eq.

(66), does not, however, depict physically realizable station-

ary solutions. This is because these solutions correspond to a %
drop volume greater than the total volume of the aqueous dt
and drop domains.

In Fig. 2(b), we see physically realizable stationary so- vV
lutions of as versus the total volume of the aqueous and = ~ (p+ Del'tabV? - eI ING gy = TG 7, (70)
drop domains. Perhaps surprisingly, increasing the total vol-
ume while keeping the volume of water constéietding to,

= Tlab\?, (69

for example, a water-in-oil emulsipnleads to a stable sta- dVarop _ —eT'LF, (71)
tionary solution in which the monomer concentration in the dt

agueous domain decreases.

In Fig. 2(c), we see that decreasing the volume of water ~ da q 1, plfq
while keeping the total volume constant leads to a stable gr - W 4@ * a8 el'e(1 - a(q+ 1)afVa
solution in which the monomer concentration in the aqueous 1
domain increases. While this could perhaps be expected from - sFéﬁNﬁﬁygaf S;C“F(lﬂ: (72)
the previous diagram, we stress that increasing the volume of aq aq
oil is not reciprocal with an equivalent decrease in the vol-
ume of water. This is because the absolute volumes of ciland dB8

= qa_1lp_ 14 _

water must be compared with the volume of the drops. The (¢ T =I5B - ele(1-Aa+ 1)apVaq
final bifurcation diagram shows the variation of the station-
ary solutionags versusa... Only the part of the curve above +eli-— 2 Gag— sﬁl“(l) va (73
as= v, iS physically realizable. The physical portion of the Vag Vaq
connecting path between the second and third turning points

(reading left to .righ) is unstablg. Suitable_ varigtion of pa- _ dNgR C a2 74
rameters can bring the hysteresis loop entirely into the physi- dr ~ 6%PVaq

cal portion of the diagram. This could give rise to ignition or
extinction in the rate of precipitation of the subcritical nuclei dv

in the aqueous domain. Faq =~ (q+ DelgapVi,— elgNaGag + eI0F,  (75)
where
1_71 171
C. Crystal formation in both domains with ripening I'e= 7o' Is Ts (76

The interaction between ripening, crystal formation, andare the aqueous domain equivalentfbbndl"% in the drop;
crystal growth in both domains is explored in this section.

. . . 2
The equations of the full model are expressed in nondimen- o= Um oz 1
H 6~ 2 ' 8~ ’
sional form as Ve 01

(77)

wherek?is the kinetic coefficient of crystal formation and
0; is a characteristic crystal growth rate in the aqueous do-

at pr3aP +pb-el's(1-a(p+1))abV main. The constants” andm, are the crystal growth param-
eters which play the equivalent role af andm in Eq. (10).
_grll;aNd —sﬁflf (67) Note that in the expressions fof, given in the previous
Ty ewEd Ty S0 section, we must S&f — Vo
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TABLE V. Initial values used for the integration of the equations modeling solutions in WhiChFé—>O and nucleation, Crysta| formation,
nucleation, ripening, crystal formation, and crystal growth in both domains.and crystal growth occur in each domain separately.

With ripening, the monomer and critical nuclei concen-
tration in the drops suddenly change as the drop volume
a 107 \ Varop 2 approaches zero. This is because the removal of the last few
f 6'15;610 Nary 0 monomers from the drop sharply decreases their concentra-

o tion and consequently increases the concentration of critical
nuclei. The loss of monomers from the drops due to ripening
is reflected in the decrease in the number of crystals formed

We solve the equations with and without ripening in or-. . S
der to discern the effect of the transport of monomers be" the drops. Where there is no ripening, these effects do not

tween the drops and aqueous domain. The parameter valuggeur and events in the drqps follow the solutions presented
taken are those used in Secs. Il A and Il C, with the addi-" Sec. lll A. The decrease in drop volume due to monomers

tional values and initial data given in Tables IV and V. In P€INg transported into the aqueous domain leads, in the aque-
Fig. 3, we show the monomer and critical nuclei concentra®us domain, to an enhanced increase in monomer concentra-
tion in the drop, volume of melt, drop volume, and numbertion from the initial value and to a consequent decrease in
of crystals formed in the drop. In Fig. 4, we show the mono-Critical nuclei concentration. Ripening leads to an increase in
mer and critical nuclei concentration in the aqueous domairthe volume of the agueous domain and enhances the number
the volume of the aqueous domain, and the number and voind volume of crystals in the aqueous domain.

ume of crystals in the aqueous domain. The solutions shown From a state in which there are no nuclei in the drop or
with a solid line include ripening; the dashed lines show theaqueous domain, perhaps after some transient time, there is

Variable Initial value Variable Initial value

1
[ .
002 004 006 008 0.1 0.8
0.98 .
0.96 0.6
094 04
092 02
09 t
- 10 20 30 40
g g
0.001 0.01
0.0008 0.008
0.0006 0.006
0.0004 0.004
0.0002 0.002 J FIG. 3. Evolution of the concentra-
t t tions of monomers and critical nuclei,
0.02 004 006 008 01 10 20 30 40 volume of melt, drop volume, and

number of crystals in the drop. The so-
lutions depicted with a solid line in-
clude ripening: those with a dashed
line do not.

Nerydrop

60 e
50 e

30 -~
20 ”
10 2=
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typically a net transport of monomers from the drop into the V
' isi ' i< ap<1-—"—=q (79
aqueous domain. This is because as nuclei form and crystals %erit in Vit~V maxs
(0]

form and grow in the aqueous domain, the monomer concen-

tration at the drop surface falls below the equilibrium con-whereay,,is the maximum obtainable monomer concentra-
centration there. This leads to ripening and monomers arion in the aqueous domain. Provided that reaction rates are
transported into the aqueous domain in order to bring théinite, this condition is also sufficient.

surface concentration closer to equilibrium. However, if the

initial concentration of monomers in the drops is above thgy. DISCUSSION AND CONCLUDING REMARKS
equilibrium concentration at the drop surface, there may be

an initial transport of monomeisto the drops. The dimen- A Mmodel has been developed which describes the forma-
sionless initial equilibrium concentration at the drop surfacdion Of critical nuclei and crystals and their subsequent
is growth in a single domain, which may be a melt or a solu-

tion. This model predicts, as a function of time, the monomer
and critical nuclei concentrations, and the number and total
Qgrit = e + 1_—12“* (78)  volume of crysta}ls formed,; from this the size distributior] of
Vin crystals can be inferred. This model differs from a previous
work in that the number of particles is explicitly conserved
whereV,, is the initial melt/drop volume. In order for mono- and the dynamical interactions of the processes are described
mers to initially leave the aqueous domain and enter thevith a closed set of coupled, nonlinear ordinary differential
drops, a necessary condition is that the initial monomer conequations. The nucleation part of the model is based upon a
centrationa;, must satisfy contracted form of the BD equations: crystal formation is
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based upon a ballistic model: and the growth of the crystals The model we have developed includes many of the im-
is based upon a well-known diffusion-aggregation limitedportant physical processes involved in crystallization in an
parametrization. emulsion. Although there are a number of parameters re-

This model was extended to consider the more compliquired for quantitative prediction, the parametric dependence
cated processes at work within an emulsion. Here, we havef the model is straightforward to determine and the model

nucleation in the drops of melt, precipitation in the aqueouglescribes the range of qualitative behavior possible.

domain, and a transport of monomedrshich may be ex-

tremely weak between the two domains. We have consid-ACKNOWLEDGMENT

ered diffusion-limited LSW) and kinetic-limited transport of

monomers. To the authors’ knowledge, this is the first com-
bined mathematical model of nucleation/precipitation an
ripening in an emulsion. As revealed in the calculations of

The authors acknowledge the financial support of Syn-
0genta under their Strategic Research Fund Scheme.

Sec. Il C, the formation of nuclei and crystals in the aqueousA‘PPEND'x A: NOTATION

domain lowers the monomer concentration there to below
the equilibrium concentration at the surface of the drops.
This leads to a transport of monomers from the drops into the
aqueous domain which are then incorporated into crystals
and nuclei. Since the formation of crystals is irreversible and
their subsequent growth inevitable, crystals formed in the
aqueous domain effectively act as a sink for monomers,
sucking monomers from the drops. This phenomena helps to
explain the observatiohsin which metachloronitrobenzene
migrated from the drops of an emulsion to form crystals in
the agqueous domain, while the melt remaining in the drops
became increasingly rich in parachloronitrobenzene.

The case in which critical nuclei do not form was also
analyzed. Since there is no crystal formatigvhich is con-
sidered to be an irreversible procgsthere are stationary
solutions to the model equations. These were numerically
calculated and their stability determined. The multiplicity of
stationary solutions echoes work on mixed suspension,
mixed product removalMSMPR) crystallization reactort’

In fact, an analogy can be drawn between the emulsion and
the MSMPR reactor system: the aqueous domain can be
identified with the reactor; the flux of monomers from the
drops represents the feed: and the formation of crystals is
analogous to the product stream.

While the models presented in this paper are fairly com-
plex, they represent a considerable simplification of the
physical processes at work. In particular, by developing the
model in terms of ordinary differential equations, we have
implicitly assumed that the interior of the drops and aqueous
domain are well mixed. Further, the spatial independence of
the model means that no account of the geometry of the
domains is taken. We have assumed that the two domains

form an emulsion, with one domain dispersed, but the onlyl’=20v,,/(KT)

point at which this is used is through the parametrized flux of
monomers between the two domains. We have also param-
etrized the crystal growth process. The assumption that the
number of drops remain constant and that all of the drops are
of the same size removes the potential for competitive diffu-
sion and hence for Ostwald ripening. Incorporation of this
latter effect would considerably complicate the analysis. A
more tractable extension would be to include the temperature
dependence of the rate constants; this would require an ad-
ditional equation expressing conservation of heat. In other

simpler systems, such temperature dependence has led to

multiple stationary states and complex time-dependent
behavior*®

A Geometrical factor of)(1)

a,a Monomer concentration within a drqpque-

ous domain
a, Kinetic coefficient in Becker—Doéring equa-
tions

ass, s Nondimensional, stationary solution mono-

mer concentration in a drofaqueous do-
main

Qeqm @ Equilibrium monomer concentration adja-

cent to a curved surfadglane surface

aqie Initial equilibrium concentration of mono-

mers at drop surface in aqueous domain

amax Maximum obtainable monomer concentra-

tion in aqueous domain

a ,a Equilibrium saturation concentration in con-

tact with bulk phase in a drofaqueous do-
main

B Constants in expression of chemical-kinetic
limited monomer transport

b,B Concentration of nuclei containing mono-

mers in a drodaqueous domajn
b, Kinetic coefficient in Becker—Doring equa-
tions

bss, Bss Nondimensional, stationary solution nuclei

concentration in a dropaqueous domajn

¢, Concentration of monomer

c, Concentration of a cluster containing
monomers

v, Rate coefficients in contracted Becker—
Doring equationgi=0, 1)

F}zri/rj Nondimensional parameter, a ratio of time

scales

Constant used for attachment/detachment

calculations

D Diffusivity of monomers of organic melt in
the aqueous phase

e=v,/V' Typical ratio of monomer to a drofa small

parameter

F.s Rate of crystal formation

¢ Rate at which monomers are absorbed into
crystals

FX Chemical-kinetic limited transport of mono-

mers into/out of drops

FLSW Diffusion-limited transport of monomers

into/out of a drop according to the theory of
Lifshitz and Slyozov and Wagner
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g.04,9aq Rate at which crystal grows, in a drop, in 7, Time scale for cluster in aqueous domain to
aqueous domain fragment
h Constants in expression of chemical-kinetic 7, Time scale for monomers in aqueous domain
limited monomer transport to fragment
Jy Flux of clusters from size tor+1 75 Time scale for formation of crystal from a
k Kinetic coefficient in Becker—Doring equa- critical nucleus in aqueous domain
tions 7g Time scale for growth of a crystal in aqueous
ki Rate coefficients in contracted Becker— domain
Doring equationgi=0, 1) Vaq Volume of aqueous domain
kg Boltzmann’s constant V&,y: V3l Volume of crystals in a drogagueous do-
ki, ki Rate coefficients for crystal formation in main)
drop (agueous domajn Varop Volume of a drop of organic melt
Kg Lumped parameter in aggregation-limited vy, Volume of monomer of organic melt
crystal growth rate Vs Stationary solution for a drop volume
m,m, Crystal growth parameter in a drgaqueous Vit Total volume of molecules of water plus
domain monomers, nuclei, and crystal@ssumed
Ni,Np, Number of monomergnuclei containingp constank
monomery V,, Volume of all molecules of watefconstank
N Total number of monomers in drops, aque- V' Characteristic volume scale for a drop.
ous domain and crystals
N¢y Number of crystals IR. Becker and W. Doring, Ann. Phy24, 719 (1935.
Ny Number of drops(a constar)t zJ. A. D Wattis and P. V. Coveney, J. Chem. Phy@ﬁ_ 9122(1997).
Nsizdx,t) Number of density of crystals in a drop con- 4'C'.MW;;Q'rt,zz"’.‘”lge\ﬁtr\(/)'cigr?ég’vég'lnggi)_Chem' Solid?, 35 (1961.
taining x monomers at time >T. Sugimoto, J. Colloid Interface Scb2, 286 (1977.
r Distance from center of a drop ®T. Sugimoto, J. Colloid Interface Scb3, 16 (1977).
R Drop radius "T. Sugimoto, J. Colloid Interface Scb3, 369 (1977.

Rattach Rate at which monomers strike a drop
Ryetach Rate at which monomers leave a drop
Rss Stationary solution for a drop radius

o Surface tension of drop_aqueous domain Sur_lo\/\/. J. Dunning, inNucleation edited by A. C. Zettlemoye{Dekker, New

face

8. G. J. van Dongen, J. Stat. Phy&, 221 (1989.
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t Time

T Temperaturéheld constant in this paper

7, Time scale for a cluster in a drop to fragment

73 Time scale for a monomer in a drop to ag-
gregate

75 Time scale for formation of crystal from a
critical nucleus in a drop

77 Time scale for growth of a crystal in a drop

7o Time scale for transport of monomer be-
tween drops and aqueous domain
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