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Abstract

We present a mathematical model describing the inward solidi"cation of a slab, a circular cylinder and a sphere of binary melt kept
below its equilibrium freezing temperature. The thermal and physical properties of the melt and solid are assumed to be identical. An
asymptotic method, valid in the limit of large Stefan number S, is used to decompose the moving boundary problem for a pure
substance into a hierarchy of "xed-domain di!usion problems. Approximate, analytical solutions are derived for the inward
solidi"cation of a slab and a sphere of a binary melt which are compared with numerical solutions of the unapproximated system. The
solutions are found to agree within the appropriate asymptotic regime of large Stefan number and small time. Numerical solutions are
used to demonstrate the dependence of the solidi"cation process upon the level of impurity and other parameters. We conclude with
a discussion of the solutions obtained, their stability and possible extensions and re"nements of our study. � 2001 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

Solidi"cation problems have applications in many
"elds of scienti"c and technological endeavour and have
been the focus of extensive study. They are interesting
both because of the diversity of their application and
because of their nonlinearity, which is associated with the
moving interface. In this paper, we focus on the solidi"-
cation (freezing) of binary melts which are, at least ini-
tially, undercooled (also known as supercooled), by this we
mean that the temperature of the melt lies below its
equilibrium freezing temperature. The problem treated is
the determination of the evolution of the temperatures,
composition and solid}melt interface during the inward
solidi"cation of an undercooled binary melt in which one
of the components is preferentially rejected from the
forming solid phase. We consider the solidi"cation from
one side of a "nite slab and the spherically symmetric
inward solidi"cation of a sphere from its surface. The
surfaces from which solidi"cation commences are held at

a constant temperature throughout the solidi"cation
process. These problems have many areas of application,
most obviously to the casting of metal structures in
moulds but also, for example, to the prilling process
(Buttiker, 1981). The inward solidi"cation of slabs, circu-
lar cylinders and spheres of pure melts at their freezing
temperature has received considerable attention, for
example Tao (1967), Pedroso and Domoto (1973),
Stewartson and Waechter (1976), Poots (1962), Riley,
Smith, and Poots (1974), Soward (1980) and Gupta
(1987). Much of the work for circular cylinders and
spheres has been in deriving asymptotic series solution
methods which can deal with singularities in the "nal
stages of solidi"cation. Our problem di!ers from these in
that the melt is initially taken to be undercooled and the
freezing temperature is taken to be dependent upon the
composition. This means that the temperature and com-
position within the melt is determined as part of the
solution. Solidi"cation of binary alloys in semi-in"nite
domains has been considered by Worster (1986), who
used similarity solutions, and by Crowley and Ockendon
(1979), who used an enthalpy formulation with numerical
solution using a "nite di!erence scheme. Solidi"cation
into an undercooled pure melt is typically highly un-
stable and the presence of a second component often
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Fig. 1. The geometry of the problem that we consider: (a) depicts
schematic temperature and composition pro"les through the slab or
cross-section of the cylinder and sphere; (b) depicts the phase regions in
a cross-section of the cylinder and sphere.

exacerbates the instability, Langer (1980); the result of
this is the formation of a highly convoluted, dendritic,
solid}melt interface. That the surface from which solidi"-
cation commences is undercooled, however, stabilises the
solid}melt interface so that it may remain planar
throughout. We discuss this matter in Section 7.
In Section 2, we present a nondimensional mathemat-

ical model of the inward solidi"cation process and adopt
a coordinate scaling which serves to "x the domain of
integration. In Section 3, we present an asymptotic series
expansion which has the e!ect of decomposing the prob-
lem into a sequence of "xed domain, linear di!usion
problems. In Section 4, we solve these equations for the
inward solidi"cation of a "nite slab and a sphere and
draw attention to a problem in determining the composi-
tion. In Section 5, we present a similarity solution suit-
able for describing the small-time behaviour of the
composition within the melt in a slab. In Section 6,
numerical solutions are presented which are compared
with our analytical results. In Section 7, we demonstrate
the dependence of our solutions upon parameters and
discuss stability in the light of the Mullins}Sekerka insta-
bility, Mullins and Sekerka (1964). Concluding remarks
are presented in Section 8 with some suggestions for
extending the study.

2. Mathematical formulation

The geometry of the problem is depicted in Fig. 1.
Initially the slab or sphere is completely molten with
constant undercooling and is in thermodynamic equilib-
rium with the surroundings which are held at the same
temperature throughout. The melt is unstable at this
temperature and we assume that nucleation takes place
at one face of the slab or the surface of the sphere and
solidi"cation then proceeds inward with a #at (slab) or
spherical (sphere) interface. As solidi"cation proceeds,
latent heat is released which di!uses into the melt and
back to the boundary while the non-solidifying compon-
ent is rejected and di!uses into the melt. The heat and
component released into the melt cannot escape, thus the
temperature and composition (concentration) of the melt
increase as solidi"cation proceeds. Since the average tem-
perature of the melt increases and its temperature pro"le
#attens due to di!usion, heat loss from the solidi"cation
front to the surroundings dominates heat loss into the
melt. If the temperature of the surroundings lies above
the melt's eutectic temperature then the increase in com-
position within the melt will eventually reduce its
liquidus (freezing) temperature to that of the surround-
ings. At this point, undercooling within the melt is elimi-
nated and solidi"cation ceases, leaving a molten region.
If the temperature of the surroundings is equal to or less
than the eutectic temperature then the melt will solidify
completely.

We adopt a continuum model of this solidi"cation
process: The temperatures and compositions determined
from the model represent quantities which are averaged
over a volume much smaller than di!usion lengthscales
and the domain size but which is large enough to contain
many of the particles which constitute the material. We
non-dimensionalise our equations using the domain
length ¸ (the slab length or sphere radius) as our length
scale and ¸�/� as our time scale, where � is the thermal
di!usivity.We shall assume that the thermal and physical
properties of the solid and melt are identical. We do this
primarily for mathematical tractability since, although
the assumption can be relaxed, it makes the mathemat-
ical analysis (and especially the analytical work) signi"-
cantly more involved. Provided that the density change
upon solidi"cation (typically involving contraction) is
not too great, the qualitative conclusions drawn from our
analysis are valid. If the density change is large, however,
and results, for example, in the formation of signi"cant
voids or fracturing of the solid region, a considerably
detailed, material-speci"c model would need to be de-
veloped and numerical methods employed. We make no
predictions in such cases. The e!ect of di!erent di!usivi-
ties in the solid and melt will be to alter the magnitude of
heat conduction in those regions but, since heat is still
extracted from the binary melt to the surroundings, there
are no qualitative implications for the solutions present-
ed in this paper. If the thermal di!usivity of the solid
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region is signixcantly smaller than that of the melt, there
may be a short time during which heat #ux from the
solid}melt interface is dominated by the conduction into
the melt. The heat #ux into the solid will soon dominate,
however, as the temperature of the melt rises and its
temperature gradient weakens. The equations describing
local conservation of heat and composition within the
melt and solid regions are
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In these equations, s(t) is the position of the solid}melt
interface, x is the distance from the centre of the sphere or
distance from the non-solidifying slab face and t is time.
The parameter m is either 0, 1 or 2 according to whether
we consider a slab, circular cylinder or sphere, respective-
ly; in the latter two cases we assume the problem is
radially symmetric. The dimensionless temperatures are
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where i"1 refers to the melt and i"2 refers to the solid
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whereC
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is the dimensional composition in the melt. The

parameter appearing in the compositional di!usion
equation is the Lewis number,

¸e"

�
D
, (6)

the ratio of thermal di!usivity � to compositional di!u-
sion coe$cient D.
These di!usion equations are subject to the following

boundary conditions. At the non-solidifying face of the
slab and along the central axis of a circular cylinder and
centre of the sphere, we impose the condition
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This condition prevents heat and composition from dif-
fusing from the non-solidifying face of the slab and pre-
vents a discontinuity at x"0 for the circular cylinder or
sphere. At the solid}melt interface, the temperature is
given by the equilibrium freezing temperature, the
liquidus. This implies that solidi"cation takes place in
a state of near equilibrium, which is justi"ed except where
solidi"cation is extremely rapid and/or the radius of the
sphere or cylinder is extremely small (where surface
energy plays a role). The liquidus temperature is depen-
dent upon the composition and we assume that this
dependence is locally linear so that ¹
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, where �� is a positive (dimensional)

constant. Non-dimensionally, we write the temperature
at the solid}melt interface as
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Stefan condition,
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with latent heat L and speci"c heat capacity c
�
. The

Stefan number represents a balance between the latent
heat and the sensible heat de"cit of the initial undercool-
ing. The Stefan condition (10) shows that the latent heat
released or absorbed by phase change is balanced by the
heat #ux into and out of the solid}melt interface. As
solidi"cation proceeds, composition is expelled from the
forming solid phase. Conservation of composition across
the interface yields
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Our "nal boundary condition is the requirement that the
face of the slab from which solidi"cation commences and
the surface of the cylinder or sphere is at the same
temperature as the surroundings, ¹

��
. Non-dimen-

sionally, the condition is

u
�
"0 (x"1). (13)

The speci"cation of the problem is completed with our
initial data

u
�
"0, v

�
"0, s"1 (t"0). (14)
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that is the slab, cylinder and sphere is initially completely
molten and uniformly undercooled.
The di!usion equations (1)}(3), and the conditions (7),

(8), (10), (12)}(14) are a closed mathematical system. The
evolution of the temperatures, composition and
solid}melt interface are dependent upon the three para-
metersS, ¸e and C. In many melts and especially aque-
ous melts, these parameters take extreme values:
S�1, ¸e�1 (see, for example, Huppert, 1990). In our
analytical studies, we shall consider C�1 which is true
for almost pure systems such as those generated in the
production of industrial or medical compounds.
Analysis of this system is complicated by the geometri-

cal non-linearity of the moving solid}melt interface. This
non-linearity is rendered explicit by using a boundary
"xing coordinate transformation (Crank, 1984). This in-
troduces a quasi-advection term into the governing di!u-
sion equations. Introduction of the scaled coordinates
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allows us to rewrite the equations describing the system
as
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where �
�
, �

�
each span the domain [0,1].

3. Asymptotic analysis

Consider the system of equations (16)}(22). Since the
Stefan number is typically large, we see from the Stefan

condition that the solid}melt interface advances at a rate
much slower than that at which the temperature "elds
evolve within the melt and solid. This suggests an asymp-

totic solution based upon expansions in �"1/�S�1.
We expand all of the dependent variables as asymptotic
series in �,
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A further simpli"cation is obtained by considering the
case that C�1, so that the freezing temperature is little
a!ected by small to moderate values of the composition.
We consider

C"CM ��, (26)

whereCM is of O(1). The value of q*2 is chosen so that the
dependence of the temperature upon the composition is
removed up to O(��). In this case, the determination of the
temperatures in the melt and solid regions proceeds in
the same way as for the solidi"cation of a pure substance.
The temperature gradients are then used to calculate the
position and speed of the solid}melt interface, which are
used to determine the composition within the melt.
Substituting these expressions into the governing

equations and boundary conditions, using standard
series expansions where appropriate, and equating like
powers of � yields a sequence of di!erential problems. To
O(��), we have
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This problem is linear, the di!usion equations are homo-
geneous and the boundary conditions are independent of
time; it admits solution by means of Laplace transforms
and eigenfunction expansions in the usual way. To O(�),
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we have
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where we have omitted the expressions for the composi-
tion "eld in light of the discussion presented in the next
section. This problem is linear but the governing di!u-
sion equations are inhomogeneous. The di!usion equa-
tions have been written such that their right-hand sides
are known functions of position and time, obtained from
the solutions of the previous order. Since the domain is
simple, this inhomogeneity is most easily accommodated
by using Green's functions. Note that the interface posi-
tion is determined to one order higher than the other
dependent variables.
The general expressions de"ning the O(��) problem

(p(q) are easily obtained (after lengthy algebra); the
problem is inhomogeneous with terms which can be
calculated from the previous orders. In principle, there-
fore, it is possible to calculate successively improved
approximations by solutions of sets of di!usion problems
with inhomogeneous body heating terms. In practice,
however, these calculations become unwieldy; in the next
section we calculate solutions only up to O(�).

4. Solution of the perturbation equations

In the next two Sections we obtain solutions of the
perturbation equations for the "nite slab and sphere up
to O(�); the calculations for the circular cylinder proceed
similarly.

4.1. The xnite slab, (m"0)

We work "rst to leading order. Results presented by
Carslaw and Jaeger (1959) may be manipulated to yield
the temperature in the melt u
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; using Laplace Trans-

forms and the Inversion theorem the solution is obtained

to be

u
���

"

�
�
���

(!1)��erfc�
2n#1!�

�
2t��� �

#erfc�
2n#1#�

�
2t��� ��, (40)

where erfc(x) is the complementary error function,
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We now proceed to O(�). The Green's function satisfy-

ing the boundary conditions for the temperature in the
melt u
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has been obtained by Carslaw and Jaeger (1959)

using the free-space Green's function, Laplace transforms
and the inversion theorem to be

K(�
�
, t;�,�)"2

�
�
���

cos(�
�
�
�
) cos(�

�
�)

�exp(!��
�
(�!t)), (42)

where �
�
"�/2#n�. Green's theorem now yields the

solution as

u
���
(�,�)"�

�

�
�

�

�

g(�
�
, t)Kd�

�
dt, (43)

where

g(�
�
, t)"�

�

ds
�
dt

�u
���

��
�

!2s
�

�u
���
�t

"

�
�
���

(!1)�

�2�t �(!3�
�
#4n#2)

�exp�!

(2n#1!�
�
)�

4t �#(3�
�
#4n#2)

�exp�!

(2n#1#�
�
)�

4t ��. (44)

The double integral in the expression for u
���

must be
performed using numerical quadrature for each point
��, �	. Inclusion of "ve terms in a partial sum approxima-
tion for each ofK and g was found to be satisfactory. The
temperature in the solid is found to be u

���
"0.

Substituting for the known functions, the equation
determining the position of the solid}melt interface is
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�
dt

!

1

2t
s
�
"f (t), (45)
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Fig. 2. Plots of u
���

for the slab. The solid line is the regular perturba-
tion solution and is obtained analytically; the dashed line includes the
pseudo-advective term arising from the singularity in s

�
�, it is obtained

numerically. The numbers on the plots indicate time in dimensionless
units.
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lem with our asymptotic approach as tP0. In this limit,
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in the left-hand side of Eq. (27). A similar term must be
included in Eq. (28) and the boundary condition express-
ing conservation of composition at the solid}melt inter-
face (31) should be replaced with
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It is only by considering these modi"ed equations that we
can determine the e!ect of excluding the movement of the
solid}melt interface on the O(��) solutions. In Fig. 2, we
plot the analytical expression for u

���
as determined

above (the dashed line) with the numerical solution of the
modi"ed di!erential problem (solid line) with S"10.
The numerical solution was obtained using NAG routine
D03PCF with a spatial step of 1/599 and a time step of
5�10��. Here, and throughout this paper, the numbers

on the plots indicate time in dimensionless units. We see
from this that excluding the pseudo-advection term has
only a moderate e!ect on the leading order approxima-
tion. This is to be expected since, although the pseudo-
advective term transports heat very rapidly initially, it
becomes negligible for times t'��/2. The role of the
pseudo-advective term is more prominent in determining
the composition, however, since it appears in the bound-
ary condition (49). E!ectively, in the time 0(t(��/2,
composition is released into the melt which renders the
solution v

���
"0 invalid. It is not trivial to "nd an

approximate, analytical expression for the composition
within the melt. In the next section, we present a sim-
ilarity solution for the composition within a semi-in"nite
melt which may be used to approximate the composition
"eld for very small times.
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temperature "elds also since these depend upon s.

4.2. The sphere, (m"2)

Again, we start by working to leading order. The
problem determining the temperature in the melt u
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transformed into a di!usion problem on a rod using the
well-known transformation 
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The temperature in the solid is the stationary-state pro-
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�

���

�t
!

��

���

���
�

"g� (�
�
, t), (55)



���

"0 (�
�
"0,1), (56)



���

"0 (t"0), (57)
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where

g�(�� , t)"
ds

�
dt ���

�

���

��
�

!

����!2s

�

�

���
�t

(58)

"

�
�
���

e��
�
�
�
	
2(!1)�

j� �!
j��

�
�2t

cos( j��
�
)

#�
1!4tj���

�2t � sin( j��
�
)�. (59)

The Green's function for this problem is obtained using
images of the free-space Green's function K

�
,

K(�
�
, t;�, �)"

�
�

����

�K
�
(�

�
, t; �#2n, �)

!K
�
(�

�
, t;!�#2n,�)	, (60)

where

K
�
(�

�
, t; �, �)"

H(�!t)

�4�¸e(�!t)
exp�!

(�
�
!�)�

4¸e(�!t)� (61)

and H(�!t) is the Heaviside function: H(�!t)"1
for �*t, H(�!t)"0 for �(t. The (nO0) and
K

�
(�

�
, t;!�, �) terms in the expression for K are the

images of each other and of K
�
(�

�
, t; �, �) and serve to

satisfy the boundary conditions. The solution is obtained
to be

u
���
(�, �)"

1

��
�

�
�

�

�

Kg� (�� , t) d�� dt. (62)

The double integral in this expression is evaluated in the
same way as that for u

���
in the slab but more terms are

needed in the partial sum approximations of K and g,
especially for very small times (20 terms were used for
�"0.002). The temperature in the solid region is readily
determined to be

u
���

"�2t(��
�
!�

�
). (63)

The position of the solid}melt interface is given, after
substitution of the known functions, by

ds
�
dt

#

1

2t
s
�
"f� (t)!2, (64)

where s
�
(0)"0 and

f� (t)"
�
�
���

e��
�
�
�
	
2

j�
(!1)��sin( j�)!j� cos( j�)	. (65)

The solution is

s
�
"t�����

	

�

z���( f� (z)!2) dz. (66)

5. Similarity solution describing the composition within
the melt for a semi-in5nite slab

Consider a semi-in"nite slab of melt, with the position
of the inward solidi"cation front prescribed as s(t)"
�t���. Composition is expelled as solidi"cation pro-
ceeds, we seek to determine the composition within
the slab. The perturbation analysis of the preceding

section motivates setting �"�2/S. The problem
can be expressed in terms of a similarity variable
�"�t���� as

!

1

2
�
�v

��
"

1

¸e

��v
���

(�'�), (67)

(1#v)
1

2
�"!

1

¸e

�v

��
(�"�), (68)

vP0 (�PR) (69)

and the initial data (v"0 at t"0) is automatically
satis"ed. This ordinary di!erential problem yields a solu-
tion by repeated integration,

v(�)"
� erfc(�¸e�/2)

exp(!��¸e/4)/��!� erfc(�¸e�/2)
. (70)

Expressing this solution for our "nite domain requires
the replacement �P1!�. This solution is compared
with the numerical solution of the composition "eld in
the "nite slab in the next section.

6. Numerical and analytical solutions

Before comparing analytical and numerical solutions
for the slab and sphere, we describe how we solve the
unapproximated problem (16)}(22) numerically. The spa-
tial dependence of the quasi-advection}di!usion equa-
tions determining u

�
, u

�
and v

�
is discretised in order to

generate a system of coupled ordinary di!erential equa-
tions in time. The solid}melt interface s(t) appears in
these equations and is determined from the Stefan condi-
tion, the second of Eq. (20). The temperature gradients at
the interface in the Stefan condition are approximated
using a second-order method found to be satisfactory in
a study by Furzeland (1980) (which does not involve
a "ctitious point). This is used to yield an ordinary
di!erential equation for s(t), which is coupled to the
equations for the temperature and composition. The sys-
tem is solved using the NAG routine D03PCF, which
handles the spatial discretisation and solves the resulting
system of sti! ordinary di!erential equations. The bene"t
of using the boundary-"xing coordinate transformation
is now clear: it eliminates the need to track the solid}melt
interface between grid points.
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Fig. 3. The temperature in the melt withS"¸e"10, C"10��, slab.
The solid line is the numerical solution and the dashed line is the
analytical solution. The numbers on the plots indicate time in dimen-
sionless units.

Fig. 4. The temperature in the solid region with S"¸e"10,
C"10��, slab. The plots were obtained numerically, the analytical
solution is u

�
"�

�
. The numbers on the plots indicate time in dimen-

sionless units.

Fig. 5. The composition within the melt withS"¸e"10, C"10��,
slab. The solid line is the numerical solution and the dashed line is the
similarity solution. The numbers on the plots indicate time in dimen-
sionless units.

6.1. The slab

In Figs. 3}5, we show the temperatures in the melt and
solid regions and the composition within the melt; we
have taken S"¸e"10 and C"10�� with N"600
spatial steps and a time step 
t"5�10��. For the
temperature plots, the solid lines are the numerical solu-
tions and the dashed lines the analytical solutions deter-
mined in the preceding section. Since �"1/�S&�

�
, we

are near to the limit of validity of the asymptotic approxi-

mation. For small times (t�1), the analytical solution for
the temperature in the melt is clearly a good approxima-
tion but it breaks down for larger times, which is consis-
tent with the breakdown of asymptoticness mentioned
in Section 4 and the largeness of �. The match bet-
ween the numerical solution and the asymptotic solution
(within the region of it applicability) lends con"dence
to both solutions. The similarity solution for the
composition within the melt does not match the numer-
ical solution particularly well. This is because the
spatial scaling for the "nite domain cannot be incorpor-
ated satisfactorily into the similarity solution because
this is de"ned on an in"nite domain. As a check on the
numerical solutions, the integrals ��

�
v
�
d�

�
were cal-

culated and found to agree (as expected by conservation
of mass) with (1!s)/s to within 5%. The temperature
within the solid region reaches quasi-stationary
state very rapidly according to both the numerical and
analytical solutions. In the scaled coordinates we have
used, its gradient remains approximately constant,
however

�u
�

�x
&

(1!Cv
�
(s, t))

��2t
. (71)

In Fig. 6, we show the position of the solid}melt interface
against time (for the same parameter values). Clearly the
agreement between the numerical solution (solid line)
and the asymptotic solution (dashed line) is very good
and better than might be expected given the performance
of the asymptotic expression for the temperature within
the melt. The reason for this is that the approximation
upon which the asymptotic solution for the interface
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Fig. 6. Evolution of the solid}melt interface for the slab with
S"¸e"10, C"10��. The solid line is the numerical solution and
the dashed line is the analytical solution.

Fig. 7. The temperature in the melt with S"¸e"10, C"10��,
sphere. The solid line is the numerical solution and the dashed line is the
analytical solution. The numbers on the plots indicate time in dimen-
sionless units.

Fig. 8. The temperature in the solid region with S"¸e"10,
C"10��, sphere. The solutions were obtained numerically, the ana-
lytical solution is u

�
"�

�
. The numbers on the plots indicate time in

dimensionless units.

relies, that the heat #ux to the surroundings dominates
that into the melt, is valid throughout the solidi"cation
process. At small times, the solid region is so thin that the
temperature gradient across it is very steep and heat #ux
to the surroundings dominates. At later times, the tem-
perature gradient in the solid is not so steep but heat #ux
to the surroundings still dominates since the temperature
distribution within the melt has #attened and risen since
heat is trapped within it and has di!used.

6.2. The sphere

It was found, for a wide range of spatial and temporal
increments, that the NAG routine D03PCF failed to
converge satisfactorily when dealing with the spherical
equations and, in particular, failed to determine the
solid}melt interface. In order to circumvent this, the
spherical problem was transformed into an equivalent
heat di!usion problem on a rod using the transformation
u
�
"


�
/�

�
, v

�
"�

�
/�

�
. In Figs. 7}9, we show the temper-

atures and composition in the melt obtained using this
method for S"¸e"10, C"10��, N"600 and

t"5�10��. Again, the composition pro"le within the
melt was found to conserve mass to within 5%. The
comments made above about the numerical and asymp-
totic solutions for the temperature and composition
"elds for the slab also apply for the inward solidi"cation
of a sphere. In Fig. 10, we show the interface position.
The solid line is the numerical solution and the dashed
line is the asymptotic approximation 1#�s

�
. We have

neglected the term ��s
�
since this is the modi"cation due

to the heat #ux into the melt, which is negligible for larger
times (where the analytical solution loses its asymp-
toticness).

7. Discussion

We have obtained solutions for the temperature, com-
position and position of the solid}melt interface for the
inward solidi"cation of an undercooled slab and sphere
which depend upon the three dimensionless parameters
S, ¸e and C. In the case that S and C take extreme
values, we have obtained approximate, analytical solu-
tions. The match between the analytical and numerical
solutions lend con"dence to the numerical method,
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Fig. 9. The composition within the melt withS"¸e"10, C"10��,
sphere. The solutions were obtained numerically. The numbers on the
plots indicate time in dimensionless units.

Fig. 10. Evolution of the solid}melt interface for the sphere with
S"¸e"10, C"10��. The solid line is the numerical solution and
the dashed line is the analytical solution (neglecting ��s

�
).

Fig. 11. The temperature in the melt withS"20, ¸e"10, C"10��,
slab. The solid line is the numerical solution and the dashed line is the
analytical solution. The numbers on the plots indicate time in dimen-
sionless units.

Fig. 12. The composition within the melt with S"20, ¸e"10,
C"10��, slab. The solutions were obtained numerically. The numbers
on the plots indicate time in dimensionless units.

which may easily be used to explore the parameter de-
pendence of the freezing process. In the interests of econ-
omy, we present a parametric study for the slab only.
These conclusions also hold for the sphere.
Increasing the Stefan number S is equivalent to de-

creasing the undercooling, causing the rate of solidi"-
cation to decrease, and allowing the temperature and
composition "elds within the melt to more closely ap-
proach their quasi-stationary-state values (constants). An
increase in S also improves the accuracy of our analyti-
cal solutions and increases the length of time for which

they are asymptotic. Conversely, a decrease in the Stefan
number has the opposite e!ect. This is partly illustrated
by comparing the S"10 results with Figs. 11 and 12
which show sample plots of the temperature and com-
position in the molten region of the slab for S"20,
¸e"10 and C"10��. Fig. 13 shows the variation of
interface position for S"10 (solid line) and S"20
(dotted line) with ¸e"10 and C"10��.
As the Lewis number ¸e approaches unity from above,

the rate of di!usion of composition approaches the rate
of di!usion of heat. In this case, numerical experiments
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Fig. 13. Evolution of the solid}melt interface for the slab withS"10
(solid line) and S"20 (dotted line) with ¸e"10, C"10��. The
solutions were obtained numerically.

Fig. 14. The composition within the melt with ¸e"2, S"10 and
C"10��, slab. The solutions were obtained numerically. The numbers
on the plots indicate time in dimensionless units.

Fig. 15. The temperature in the melt with C"10��, ¸e"10, S"10,
slab. The solutions were obtained numerically. The numbers on the
plots indicate time in dimensionless units.

Fig. 16. The composition within the melt with C"10��, ¸e"10,
S"10, slab. The solutions were obtained numerically. The numbers
on the plots indicate time in dimensionless units.

show (as one would expect) that the compositional
boundary layer at the solid}melt interface widens, com-
position released upon solidi"cation di!uses away more
rapidly. This is illustrated by comparing Fig. 5 (¸e"10)
with Fig. 14 which shows the composition in the molten
region of the slab for ¸e"2, S"10 and C"10��.
Figs. 15 and 16 show the temperature and composition

within the molten region of the slab for C"10��, and
are to be compared with Figs. 3 and 5 (which show the
equivalent results forC"10��). From these plots, we see
that an increase in the compositional ratio C decreases

the solid}melt interfacial temperature which slows the
rate at which solidi"cation occurs and composition is
released. In Fig. 17 we show the interface position for
C"10�� (solid line), 10�� (dashed line) and 10�� (dot-
ted line); the plots for C"10�� and 10�� almost overlap
but we see a substantial reduction in the extent of phase
change for C"10��.
Let us consider how the "nal stage of the solidi"cation

process depends upon C. We "rst consider a slab of melt
for which C"0, in this case solidi"cation proceeds as
that for a pure medium. The temperature of the
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Fig. 17. Evolution of the solid}melt interface for the slab with C"

10��, 10�� (they overlap, the solid line) and C"10�� (dashed line)
with ¸e"10 and S"10. The solutions were obtained numerically.

solid}melt interface remains equal to the freezing temper-
ature of the pure material (u

�
"1 at the interface), the

temperature within the solid region is in a quasi-station-
ary state, u

�
"�

�
, and the temperature within the melt

equals the freezing temperature, u
�
"1. In this situation,

the melt will solidify completely. At the point at which
solidi"cation completes, the temperature within the solid
slab is given by u

�
"�

�
except in a small region close to

the newly solidi"ed interface where the temperature pro-
"le #attens in order to satisfy the no-#ux condition. The
remaining sensible heat within the slab is transferred to
the surroundings, so that "nally the surroundings and
slab are in equilibrium at the undercooling of the sur-
roundings. Thus the "nal, stationary, stable state di!ers
from the initial, stationary, unstable state only in that the
melt has become completely solidi"ed. Now, we consider
the variation of our solution with C. As C increases, the
e!ect of composition upon the liquidus (freezing) temper-
ature of the melt becomes increasingly signi"cant. The
temperature of the solid}melt interface decreases, which
decreases the rate of heat loss into the surroundings and
slows solidi"cation. Whatever the value of C (provided
that CO0), there will come a point at which the
solid}melt temperature equals the surrounding temper-
ature. Provided that the temperature of the surroundings
lies above the eutectic, this will result in a residual molten
region. If C is of O(1) then solidi"cation may cease (at
1!Cv

�
(�

�
"1)"0) almost immediately. We may de-

"ne a critical compositional ratio from the similarity
solution for the composition in the molten region of the
slab (which is accurate near the interface for small times):

C
����

"

1

v
�
(�

�
"1)

"�
S

2�
e��
�	�S
# erfc��

¸e

2S�. (72)

For S"10 and ¸e"10, C
����

"0.4479. For S�1 and
C�C

����
, we expect the temperature and composition to

reach their quasi-stationary values before freezing ceases.
In this case, we can assume that v

�
"(1!s)/s so that

solidi"cation will cease once 1!Cv
�
"0, which yields

s
�

"

C

1#C
(73)

as the "nal dimension of the molten region. A similar
argument applied to the inward solidi"cation of a sphere
leads to a molten region of size

s3
�

"�
C

1#C�
���
. (74)

For C"10��}10�� the molten region in the slab is of
negligible size s

�
+10��}0.09; however, an appreciable

region may be left molten during the solidi"cation of
a sphere, s3

�
+0.1}0.45. An increase in Cwill increase the

size of the "nal molten region, although its size is always
less than unity (some solidi"cation always takes place).
These arguments may easily be extended to determine an
analytical approximation of the temporal dependence of
the interface position. For S�1, C�C

����
and t of O(1),

s� &(1!Cv
�
)/(S(1!s)), where v

�
is the quasi-stationary

composition in the melt: v
�
"(1!s)/s for the slab and

v
�
"(1!s�)/s� for the sphere. These nonlinear ordinary

di!erential equations can be solved in implicit, but
closed, form to satisfy an initial condition s(t"t

�
)"s

�
.

Numerical experiments show that the expressions ob-
tained are particularly useful for larger times t'O(1)
where the initial condition at t

�
'0 is determined from

a numerical integration of the full system.
A key assumption in determining our solutions was

that the problem was one dimensional, thus the spherical
problem was spherically symmetric and there was no
variation in directions orthogonal to the direction of
growth in the slab. If the solid}melt interface is unstable
then it may become convoluted and adopt a dendritic
structure, invalidating our solutions. The instability is
caused by the thermodynamic drive to maximise expul-
sion of heat and composition from the forming solid
phase, which is enhanced if the solid}melt interface in-
creases its area (becomes dendritic). A condition for the
onset of instability was determined by Mullins and
Sekerka (1964). They performed a linear stability analysis
of a planar solidi"cation front advancing into a semi-
in"nite binary alloy at a constant rate. Although the
geometry and time-dependence of their problem di!ers
from that presented in this paper, we expect the funda-
mental physical mechanism to be the same. A rigorous
analysis of the morphological stability of the solid}melt
interface for the inward solidi"cation problems presented
here would be an interesting, though involved, new work.
Such a study ought to consider di!erences in thermal
di!usivity in the solid and melt regions. In his study of
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the solidi"cation of a semi-in"nite binary alloy, Worster
(1986) used the Mullins}Sekerka criterion to determine
at which point the planar solidi"cation front became
dendritic. Once the Mullins}Sekerka criterion had been
satis"ed, Worster used a continuum model of the de-
ndritic region, the mushy-layer model. In the absence of
surface tension, and using our dimensionless variables,
the Mullins}Sekerka criterion may be written as

�u
�

�x
#C

�v
�

�x
'!

�u
�

�x
for instability. (75)

Since we have taken C�1 and our solutions show that
!�u

�
/�x��u

�
/�x (note the use of unscaled coordi-

nates), the Mullins}Sekerka criterion suggests that the
solutions obtained in this paper are stable. An increase in
C would both weaken the stabilising temperature gradi-
ent in the solid phase (by decreasing the temperature at
the solid}melt interface) and, combined with a large
Lewis number, increase the constitutionally induced
undercooling in the melt. This would cause the second
term in Eq. (75) to increase and the third term to decrease
in magnitude. For suitably chosen parameters, the Mul-
lins}Sekerka criterion suggests that the solid}melt inter-
face will become unstable.
Another way for the solid}melt interface to become

unstable would be for the temperature of the surround-
ings to increase after solidi"cation had commenced. This
would decrease the stabilising temperature gradient in
the solid (decreasing the rate of solidi"cation) and allow
instability to occur. If the surroundings were raised to the
liquidus temperature at the solid}melt interface, then the
stabilising temperature gradient in the solid would be
eliminated and we might expect solidi"cation to proceed
inward in the same manner as does outward solidi"-
cation into an undercooled melt, Langer (1980). Such
a process may be thought to occur, on a very slow
timescale, during the inward solidi"cation of molten
rock. The build-up of impurity at the solid}melt interface
at the onset of instability is a likely explanation of the
attractive bands of colour and dendritic structure seen in
many geodes.

8. Conclusions

A continuum model for the inward solidi"cation of an
undercooled binary melt has been presented. Approxi-
mate, analytical solutions and numerical solutions de-
scribing the solid}melt interface position and the
temperature and composition "elds have been obtained
for a "nite slab and sphere. The agreement between these
solutions, within the appropriate asymptotic regime,
lends con"dence to them. Numerical solutions were used
to determine the parameter dependence of the solidi"-
cation process and especially the e!ect of increasing the
level of impurity. The satisfaction of theMullins}Sekerka

criterion (which was determined for a di!erent geometry
and time-dependence) suggests that the solutions ob-
tained are physically stable and the potential for instabil-
ity by the Mullins}Sekerka mechanism was highlighted.
The solutions potentially have application to a number
of solidifying systems, for example metal casting and lava
solidi"cation. The work presented in this paper suggests
an investigation of the conditions required for mor-
phological instability of the solid-melt interface.

Notation

¹
�

temperature in melt (i"1), solid (i"2)
C

�
,C

�
composition in melt, solid (almost zero)

u
�

dimensionless temperature in melt (i"1),
solid (i"2)

v
�

dimensionless composition in melt
¹

��
,C

��
initial temperature, composition of melt

¹


(C

��
) liquidus (freezing) temperature of melt

with initial composition
C

�
(¹

��
) liquidus composition of melt with initial

temperature
�,L, c

�
thermal di!usivity, latent heat, speci"c
heat capacity of solid and melt

¸e,C,S Lewis number, compositional ratio, Stefan
number

C
����

critical size of compositional ratio
¸,¸�/� lengthscale, time scale
x, t, s distance, time, position of solid}melt inter-

face
s
�
, s3

�
"nal size of molten region for slab, sphere

m parameter determining geometry: m"0
slab; m"1 circular cylinder; m"2 sphere

K,K
�

Green's function, free space Green's func-
tion

erf( ) ), erfc( ) ) error function, complementary error func-
tion

H( ) ) Heaviside function

Greek letters

� small parameter (�"1/�S)
�
�

boundary-"xing spatial coordinates in
melt (i"1), solid (i"2)
u
���
, v

���
, s

�
terms in asymptotic expansions

� similarity variable (�"�t����)


���

intermediate variable in calculation (tem-
perature)
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