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ed by foul play or a

ident arekey pro
esses in forensi
 s
ien
e and the spread of infe
tions. We illustrate these problemsusing a high pro�le murder 
ase in the UK and airborne transmission of disease. Both prob-lems involve trying to understand the short and long range transport and fate of droplets andparti
les. The transport of a �ne mist of droplets (of blood or mu
us) 
aused by 
oughing,breathing, sneezing or displa
ement of the lung 
avity are largely determined by the presen
eof 
oherent vorti
al stru
tures (
lose to the human body), evaporation (in the 
ase of diseasetransmission) or mean / turbulent �ows (for long range transport). The examples we introdu
edemonstrate how simple physi
al models 
an be used to guide our understanding of importantpubli
 issues, relevant to life/death situations.1. Introdu
tionThe transport of a 
ontaminant (smoke, pollutants, radioa
tive parti
ulate, biohazards)has always provided a ri
h area for applied mathemati
ians to study. This draws in manydi�erent te
hniques (not just 
omputations) in
luding pattern dete
tion or topology of the�ow, sensitivity and order of magnitude estimates. There is an in
reasing awareness of theimportan
e of understanding how biologi
al material spreads either in the 
ontext of forensi
s
ien
e, the spread of air borne infe
tions (SARS, bird-�u, 
lostridium-di�
ile) or the 
ross
ontamination of plant 
rops with geneti
ally modi�ed plants in adja
ent �elds. The aim ofthis arti
le is to show why droplets are 
apable of being transported over signi�
ant distan
es.This is 
ertainly surprising be
ause small droplets fall very qui
kly to the ground in still air.The two examples we introdu
e are topi
al � the �rst is related to the forensi
 s
ien
e of a highpro�le murder 
ase and the se
ond is related to air-borne transmission of disease, whi
h hasin
reasing prominen
e in the 
ontext of the hospital environment (see Tang et al 2006; Wells1936).To understand how parti
les or droplets are dispersed we need to 
al
ulate how they move.The most general approa
h to study how dis
rete elements are dispersed is to use a Lagrangianformulation where ea
h element (droplet/parti
le) is followed in time using an equation ofmotion based on 
onsidering a balan
e of for
es on ea
h element. Consider a spheri
al droplet



or parti
le (of diameter d, density ρp) moving with velo
ity v in an air �ow u. The equationof motion des
ribing how they move with time is
dv

dt
=

1

tp
(u(X, t) − v) − g,

dX

dt
= v. (1)

X,Y are the horizontal and verti
al position of the droplet/parti
le and X = (X, Y ), g = gŷis the gravitational a

eleration and tp is the response time. This model is based on a Stokesdrag law, where the vis
ous drag is proportional to the relative slip between the droplet andair. Equation (1) is a se
ond-order linear di�erential equation with a non-linear for
ing 
ausedby the air motion � note the air velo
ity may vary with position and time, this is expli
itlydes
ribed in the argument of u. Parti
les falling in stagnant air (u ≡ 0) and whi
h do not
hange size, ultimately sediment with a terminal fall velo
ity vT = tpg . The ability of a smallspheri
al (rigid) parti
le to respond to 
hanges in the air �ow is 
hara
terised by a responsetime
tp =

d2ρp

18µ
, (2)where µ is the vis
osity of air, d is the droplet diameter, and ρp is the droplet density. Thelinear drag model is stri
tly valid for d ≤ 200 µm, for whi
h the Reynolds number based onthe slip-velo
ity is less than Rep = dvT /ν < 10. For our analysis on blood and mu
us droplets,the density of the droplets is 
omparable to water ρp = 103 kg/m3, and the vis
osity of air is

µ = 1.8× 10−5 Pas at 18 o C. Although sin
e the droplets are mu
h more vis
ous than air andusually 
ontaminated (with pathogens, blood 
orpus
les and salt), it is realisti
 to also use theresponse time (2) for droplets.Figure 1(a) shows the variation of the droplet fall speed vT as a fun
tion of droplet diameter� even small droplets of diameter d ∼ 100 µm settle rapidly with a speed of 0.3 m/s. As thesize of the droplets de
reases, the residen
e time of the droplets in the air in
reases signi�
antlyand with this the potential for inhalation deep into the lungs (for d < 10 µm). The potentialfor dis
rete elements remaining aloft in air and being transported over signi�
ant distan
esdepends (as we 
an see from (1)) on both the air �ow and the droplet properties. The 
hangein the droplet properties is largely through a de
rease in its diameter when evaporation isimportant, whi
h in turn de
reases its response time (from (2)) and fall velo
ity. The e�e
t ofa mean ambient �ow only be
omes important when the droplets are small enough (<60 µm)that the verti
al air velo
ity uy(X, t) is larger than the droplet fall velo
ity. But large dropletspropelled at typi
al speeds are largely una�e
ted by air motion and move ballisti
ally. Thepartition between large and small droplets is ambiguous and is typi
ally taken to be ∼ 60µm.In the 
ontext of air borne infe
tion, droplets less than 10µm are generally referred to as dropletnu
lei.2. Murder: 158 droplets of bloodBilly-Jo Jenkins (aged 13) was beaten to death with a 50 
m tent peg while painting a patiodoor at home in Hastings, East Sussex on February 1997. She was found by her step-father, SionJenkins, who was later arrested and 
harged with her murder. The prose
ution at Lewes CrownCourt hinged on forensi
 eviden
e, whi
h the trial judge, Mr Justi
e Gage 
alled "
ompelling" :a �ne mist of blood was found on Mr Jenkin's ja
ket. Prose
ution experts said the �ne droplets
ould only have 
ome from a �er
e spray of blood at the time of the killing, proving thatJenkins was in the vi
inity of Billy-Jo when she was murdered. At the trial, Jenkins' defense




laimed the �e
ks of blood had got onto his ja
ket as he 
radled his dying foster daughter inhis arms. A paediatri
ian 
alled this defense impossible be
ause Billie-Jo would have had tohave been breathing extremely hard to produ
e su
h a spray. But in a 999 
all to the poli
eMr Jenkins said his daughter was not breathing when he found her. Another paediatri
ian saidthe distribution of blood was 
onsistent with the wearer of the 
lothes delivering several blowsto the head. Sion Jenkins was originally 
onvi
ted after 19 days of trial in July 1998.As later retrials would dis
over, there was eviden
e that a mentally ill man - Mr X � wasin the vi
inity when Billie-Jo was killed and had a �xation with pushing pie
es of plasti
 bagup his nose; a pathologist found part of a bla
k bin liner stu�ed deeply into one of Billie-Jo'snostrils. On the day Billie-Jo died, there were numerous sightings of a psy
hiatri
 patient a
tingsuspi
iously in the park area next to the Jenkins' house. The man was arrested but releasedseveral days later.After two retrials, Mr Jenkins was �nally released after 7 years in prison. More than adozen expert witnesses were 
onsulted in relation to the key forensi
 eviden
e. The 
riti
alaspe
t whi
h turned the 
ase around was the strength of the s
ienti�
 eviden
e in relationto the droplets. We analyse this eviden
e using simple mathemati
al models. There are two
omponents to interpreting the deposition of 158 �ne droplets of blood of diameter d ∼ 100µmon the 
lothing of Mr Jenkins: (a) how the droplets were generated and (b) how they 
ould getonto his 
lothing. We dis
uss these elements separately.The presen
e of droplets of diameter ∼ 100 µm on 
lothing is usually taken as strongforensi
 eviden
e of a high-speed impa
t onto a pool of blood, blood sodden 
lothing or a bodybe
ause signi�
ant energy is required to 
reate small liquid droplets. Ballisti
 impa
ts fromproje
tiles, su
h as bullets, give even �ner droplets (d ∼ 10 − 50 µm). These pro
esses 
anbe understood using a s
aling analysis. The motion of droplets of diameter d, moving withspeed v and the air/liquid interfa
e 
hara
terised by a surfa
e tension σ, are 
hara
terised bya dimensionless group, the Weber number: We = v2dρ/σ. If droplets are 
reated by strandsof �uid being a

elerated and broken up by an air �ow, We has to ex
eed a 
riti
al Webernumber Wec ≈ 10 . Droplets of diameter d = 100 µm, would require striking a wet fabri
with a velo
ity v ≈ (Wecσ/dρd)
1

2 =3 m/s whi
h is typi
al of droplets 
reated by a blunt for
etrauma.Consider now the possibility that droplets are 
reated by the eje
tion of air through a small
onstri
tion (whi
h is lined with a �uid, su
h as mu
us or blood). Denoting the 
ross-se
tionalarea at the narrowest 
onstri
tion by A and the volume of air V eje
ted over time δt. The airvelo
ity during this period is ua = V/Aδt. When the air �ow is 
reated by 
oughing throughthe mouth, we estimate approximate values V = 250 
m3 , δt ∼ 1 s, A = 3 
m2 (for an ori�
eof diameter 1 
m). This gives an estimate of Ua ≈ 1 m/s, 
lose to typi
al values assumed for
oughing but too low to be 
apable of generating �ne droplets. The defense 
ontended thatthe nose was blo
ked and with a build up of pressure with the air eje
ted through a smallori�
e. For a small gap of diameter 0.4 
m, the movement of a small volume of air (V = 100
m3) 
reates an air velo
ity of ua ∼ 10 m/s, whi
h is typi
al of values assumed for a sneeze.Experiments by Prof David Denison (Royal Brompton Hospital, London) showed that Billie-Jo
ould indeed have inaudibly breathed out the mist, after she was dead. Tests showed that theblood 
ould have 
ome from tiny amounts of air leaving through a "pinhole" in Billie-Jo's nose,whi
h was blo
ked with blood.On
e the droplets are generated, the next 
riti
al 
omponent is to understand how they
an be transported over some distan
e in order to be deposited on the 
lothing of Mr Jenkins.



Consider a droplet eje
ted with a horizontal velo
ity v0X in a uniform air stream Ux from aheight H above the ground. Equation (1) redu
es to
d2X

dt2
=

1

tp

(

Ux −
dX

dt

)

,
d2Y

dt2
=

1

tp

(

−
dY

dt

)

+ g. (3)For a droplet inje
ted horizontally with speed v0X from a height H above the ground, movesto (X, Y ) in time t where
X = Uxt + tp(Ux − v0X)(exp(−t/tp) − 1), Y = H − vT t + vT tp(1 − exp(−t/tp)). (4)Large droplets (tp ≫

√

H/g) fall to the ground in a time shorter than tp, and by expanding(4) using a Taylor series,
X ≈ v0Xt, Y ≈ H −

1

2
gt2 (5)This des
ribes the ballisti
 motion of the large droplets, whi
h travel in a paraboli
 traje
-tory. Large droplets strike the ground after a time t = (2H/g)

1

2 and move a horizontal distan
e
X

∞
=

√

2H/gv0X from the point of eje
tion. For small droplets (tp ≪
√

H/g), the e�e
t ofair drag is so large that
X ≈ Uxt + (v0X − Ux)tp, Y ≈ H − vT t, (6)and droplets strike the ground at a horizontal distan
e

X
∞

≈
HUx

vT

+ (v0X − U)tp, (7)from the point of release. In the absen
e of an external �ow, small droplets are only 
apableof moving a short distan
e X
∞

= v0Xtp before sedimenting to the ground. An external �ow orbreeze is 
apable of assisting in transporting small droplets mu
h further distan
es. Figure 2(b)shows numeri
al 
al
ulations 
omparing the maximum horizontal distan
e droplets released at
H = 0.5 m travel for the 
ase of Ux = 0, 0.05 and 0.1 m/s and with an initial eje
tion velo
ityof v0X =10 m/s. The height H is taken to be that of a person sitting on the ground. In theabsen
e of a breeze, 50-100 µm diameter droplets are transported a distan
e 0.2-0.3 m. Thee�e
t of quite a strong breeze of Ux = 0.1 m/s near to the ground, assists in transporting thedroplets to a distan
e 0.5m.The prose
ution had 
ontented that even in the presen
e of a breeze, the droplets 
ould nothave been eje
ted from the nose or mouth and travel su�
iently far to rea
h Mr Jenkins. Su
ha breeze would have been blo
ked by the body of Billy-Jo and Sion Jenkins and so 
ould nothave been strong enough to 
arry the droplets far. Further, the maximum distan
e estimates
orrespond to the distan
e droplets strike the ground, and so 
ould not travel far enough torea
h Mr Jenkins via this me
hanism.An important ingredient in the physi
s of transport is the generation of a vortex generatedby the eje
tion of air from the lungs. Of 
ourse air es
aping from the lungs does generally notprodu
e a vortex ring but rather a turbulent pu�. Lord Kelvin established the mathemati
sof these self-organising and persistent �ow stru
tures by 
onsidering the integrals of the mo-mentum equation around vortex stru
tures. In a vortex, the air is moving verti
ally as wellas horizontally, so that small dtoplets and parti
les 
an be suspended in moving vorti
es asseen in smoke rings or sand �lled eddies in 
oastal waters. But even in a pu�, verti
al motion



transports suspended parti
les over signi�
ant distan
es. Although droplets are eje
ted fromvorti
es (be
ause they are denser than air), when the droplets start within the vortex 
ore,the distan
e they 
an be transported is signi�
ant and this distan
e in
reases as the size of thedroplets de
reases. Hunt etal (2007) studied numeri
ally the transport of droplets and parti
leswhi
h are released within a propagating vortex. The salient features of their results are thatthe vortex initially moves qui
kly (∼ 1− 2 m/s) and that the droplets will be eje
ted from thevortex after a time of about 0.5-1 s, traveling horizontally about 1.5m. These distan
es aresu�
iently far to explain how the 158 droplets, over a small area, 
ould have been found onthe 
lothing of Mr Jenkins. This is the se
ond essential 
omponent whi
h was missing from theanalysis by the expert witnesses from the prose
ution, but pi
ked up by the defense.3. Disease: Airborne transmissionPathogens 
an be transmitted by air from a sour
e to a person resulting in infe
tion (withor without it being expressed). If the pathogen has some part of its life 
y
le in the respiratorytra
t, it is more likely to be present in aerosols generated by breathing, talking, 
oughing andsneezing. For truly airborne pathogens (tuber
ulosis, measles and vari
ella zoster virus), theroute of a
quisition and dissemination of infe
tious parti
les are via the respiratory tra
t. Inthe other pathogens, a
quisition of the infe
tion is also via the respiratory tra
t but pathogens
an enter the air by other methods (eg 
hanging bed sheets, 
leaning) and may also be ingested.There are many reported 
ases where proje
tile vomiting splashing on the �oor or toilet basinhas been identi�ed as the me
hanism responsible for 
reating aerosolised pathogen air-bornedroplets, for instan
e, the Norwalk or �winter vomiting virus� whi
h plagued the UK duringthe winter of 2007. The SARS epidemi
 in 2003 also revealed environmental fa
tors thatmight also 
ontribute in produ
ing virus-laden aerosols su
h as those produ
ed by nebulisers,tra
heostomies, bron
hos
opies, and in the Amoy Gardens outbreak, a defe
tive sewage system.A 
ough or sneeze 
an generate up to 3000 and 40000 droplets respe
tively (see �gure 2(a))(Cole & Cook 1998). On
e infe
tious droplets are generated, the main fa
tors that determinehow they move are their size and the air�ow patterns whi
h 
arry them. The key to su
hdroplets remaining in air is their evaporation whi
h redu
es their size and fall velo
ity. Weextend the analysis of Wells (1936, 1955), to in
lude both the settling of droplets and adve
tionby a horizontal 
urrent Ux. Consider a droplet of initial diameter d0, proje
ted horizontally witha velo
ity v0X a height H above the ground. The di�usive loss of material due to evaporation isadequately des
ribed by an isothermal di�usive pro
ess where dd2/dt = −De, or by integratinggives d = d0(1 − t/te)
1

2 . For unsaturated air at 18o, De = d2

0/te ∼ 6.1 × 10−9 m2/s. Theevaporation time te is mu
h longer than the response time ( te/tp ∼ 5.3(d0/d)2 > 5.3 ), so thatdroplets sediment with a fall velo
ity based on the instantaneous droplet diameter. This issolved subje
t to the initial 
onditions dX/dt = v0X , dY/dt = 0, X = 0, Y = H at t = 0. Thesolution to (5) is
X = Uxt +

(vx0 − Ux)te
1 + te/tp0

(

−(1 − t/te)
1+te/tp0 + 1

)

, Y = H − vT0 (t − t2/2te). (6)In pra
ti
e, the droplets will 
onsist of a small amount of pathogens so that the droplet massdoes not tend to zero. Saliva 
ontains a small fra
tion (typi
ally R = 1.8%, Duiguid 1966)of solid parti
ulate whi
h does not evaporate. We in
lude this information in our analysis byassuming that after t/te = 1−R2/3, the droplet diameter is assumed to be �xed at d/d0 = R1/3when only the residual material is left. After a time t/te = 1 − R2/3, the droplet has fallen to
H −vT0te(1/2−R2/3/2−R4/3/2) ≈ H −vT0te/2. When H > vT0te/2 (or d0 < 6(HDeµ/gρd)

1

2 ),



the liquid has evaporated leaving behind a small parti
le 
ontaining pathogens, after whi
h itsediments to the ground very slowly with a terminal fall velo
ity ∼ vT0R
2

3 . The droplet movesa horizontal distan
e
X

∞
∼

(H − vT0te/2)Ux

vT0R
2

3

,before it strikes the ground. When d0 > 6(HDeµ/gρd)
1

2 , the droplet strikes the ground ata time t/te where t/te ∼ 1 −
√

1 − 2H/vT0te. The maximum distan
e the droplet moves is
Uxte(1 −

√

1 − 2H/vT0te)).Figure 2(b) shows the variation of the maximum distan
e a droplet for two initial horizontaldroplet velo
ities (v0X = 2 and 12 m/s) 
orresponding to a 
ough and sneeze respe
tively, forthe 
ase of a stagnant ambient �ow and a breeze Ux = 0.05 m/s. The 
orresponding resultsfor non-evaporating droplets is also plotted. From these 
al
ulations, we see that dropletevaporation has a negligible e�e
t of the distan
e traveled for droplets greater than about 170
µm. A more detailed analysis, shows that above 500µm, the distan
e travelled is independentof the droplet diameter be
ause the mode of propagation is ballisti
. Below a diameter of120 µm, the permanent distan
e transported is dominated by the speed of the breeze be
ausethe initial droplet velo
ity relative to the breeze de
reases very rapidly. Evaporation 
learlyassists in transporting material over a signi�
ant distan
e, as 
an be seen by 
ontrasting theevaporating/non-evaporating 
urves.A 
ough and sneeze tend to eje
t droplets with an average speed of 2 and 12 m/s respe
tively.The major di�eren
e between a 
ough and sneeze is the mass of eje
ted material and the sizedistribution. A sneeze generates a distribution of droplet sizes (see �gure 2a), with typi
allythe majority (by number) in the range 10-50 µm. The size distribution for droplets generatedby 
oughing is similar, but a mu
h larger number of droplets and a tenden
y to produ
e manysmaller droplets. Droplets larger than 500 µm are transported a distan
e of about 2.5-5m bya standing person (H = 1.5m) and this is independent of d. Droplets smaller than 170 µmwill evaporate su�
iently that they remain in the air for a long time and be transported asigni�
ant distan
e by a mean �ow.Although the potential for travel in
reases signi�
antly as the initial droplet diameter de-
reases, the 
han
e of that an individual droplet 
ontains a pathogen also de
reases. Duiguid(1966) estimated that 1ml of saliva from an infe
ted person will 
ontain about Nb = 1, 000, 000pathogens, and studied the probability of infe
tion. The probability that a droplet of diameter
d will not 
ontain a pathogen is exp(−λ) where λ = πNbd

3/6×106, so the per
entage of dropletsof diameter d that 
ontain a pathogen is P (d) = 100(1 − exp(−λ)). While a large number of�ne droplets are 
reated by 
oughing and sneezing, the fra
tion of droplet nu
lei whi
h 
ontaina pathogen rapidly diminishes with droplet size.4. Con
lusionsWith an in
reasing emphasis on publi
 health, disease transmission (parti
ularly in hospitalwards) and the spread of the pollen from geneti
ally modi�ed pollen, it is be
oming more im-portant to understand the potential for dis
rete elements (parti
les/droplets) being transportedover large distan
es. We have used simple physi
al models whi
h emphasised the potential fordroplets and parti
les being transported over signi�
ant distan
es, ranging from a meter (dueto their entrainment by vorti
es), to a few meters by sneezing and from ten-to-hundreds ofmeters due to the evaporation of small droplets. A major resear
h 
hallenge is how to use



this information to improve the design of our environment so that the potential for air-borneinfe
tion is redu
ed, parti
ularly in hospitals.A
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(b)Figure 1: (a) Terminal fall velo
ity of droplets as a fun
tion of droplet diameter. (b) Themaximum distan
e droplets proje
ted horizontally at a height H = 0.5 m above the groundwith a horizontal velo
ity of 3 m/s. The ambient free stream velo
ity is Ux=0, 0.05 and 0.1m/s.
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(b)Figure 2: (a) Sneeze showing the generation of an array of droplets. Large droplets travelballiasti
ally while small draplets are transported by the vortex. (b) Maximum horizontaldistan
e droplets are transported by droplets eje
ted with a horizontal velo
ity v0X = 3, 6 and9 m/s, at a height of H = 1.5m. There is an ambient uniform �ow of speed Ux = 0.05 m/s.


