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Abstract. Flow through a staggered array or ’bundle’ of parallel rigid cylinders of diameter D is
computed with the help of a three-dimensional direct numerical simulation (DNS) at various values
of Reynolds number between 50 and 6000. Two different spacings L of the tubes, i.e. L/D = 2 and
L/D = 3, have been considered. When Re � 500 the flow is laminar. In that case the converging flow
between a pair of adjacent cylinders brings the oppositely signed vorticity at the two edges of the wake
closer together behind the upstream cylinder so that the vorticity decreases quickly due to cancellation
by diffusion. At Re ≈ 6000, when the flow is highly turbulent, the wake vorticity disappears rather
by turbulent diffusion. This ’disappearance’ of the wakes in the closely packed flows (i.e. L/D � 2)
causes the mean flow in a ’cell’, which consists of the region around a single cylinder, to be effectively
independent of that in other cells. Another consequence is that the mean velocity field can be very
well approximated by potential flow except in a thin boundary layer along the cylinder and a short
wake behind it. The results have been applied to the transport of scalars in closely packed arrays. As
in other complex flows, the dispersion of the scalars is dominated by the divergence and convergence
of the streamlines around the cylinder rather than by the wake turbulence. Approximate expressions
are derived for this ’topologically’ influenced dispersion in terms of the geometry of the array. The
fact when most of the flow in the array can be approximated by a potential flow, allows us to introduce
a fast approximate calculation method to compute the dispersion.

Key words: tube bundle, wake, direct numerical simulation, diagonal Cartesian method, potential
flow

1. Introduction

The solution of many practical problems in fluid mechanics requires understanding
of complex flows around groups of obstacles. Some well-known environmental
problems involve the modelling of flow and diffusion around buildings, in crops
and in forests. Industrial examples include the calculation of forces, heat and mass
transfer around boiler tubes and around electronic components. Some examples of
computations of the flow around tube bundles are for instance given by Planchard
and Ibnou-Zahir [1], Schroder and Gelbe [2] and Longatte et al. [3]. The essential
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feature of such complex flows is that the velocity field around any obstacle within
the group is strongly affected by the presence of the adjacent obstacles. A generic
configuration for this type of complex flow is the multiple connected flow region
consisting of a regular array of rigid cylinders. The mean flow in a plane perpendic-
ular to the cylinders is two-dimensional. Even for this relatively ‘simple’ geometry
the flow is poorly understood.

Some of the interesting questions about this flow geometry, which have a gen-
erality even for three-dimensional flows [4], can be formulated as follows. Is there
significant repeatability of the flow in the array and therefore is it a good approxi-
mation to compute the average properties of the array by only computing the flow
over one ‘wavelength’ or ‘cycle’ of the array? If this is indeed the case, what is
the ‘wavelength’ or ‘repetition length’ in terms of the distance between obstacles?
(For example, are one or two spacings sufficient?) How do such approximations
vary with the Reynolds number and the relative spacing of the obstacles? How
does the flow structure vary around a cylinder in the array and what is the effect
on scalar diffusion? Is the flow sufficiently insensitive to the precise shape of the
obstacle so that calculations can be sped up by not satisfying the boundary con-
dition on the obstacle exactly? When is potential flow a useful approximation for
flow around groups of obstacles? Such an approximation may be justified when
wake vorticity in the flow within closely packed bluff bodies disappears as a result
of converging streamlines. In that case the cancellation of the vorticity of opposite
sign in the wake is accelerated by cross diffusion [5]. This process of cross diffusion
largely determines the extent and strength of wakes of cylinders in closely packed
arrays and therefore the repetition ’wavelength’ LC of the flow in the array. The
approximation by potential flow is especially useful for estimating dispersion of
scalars. For instance, Davidson et al. [6] showed that calculation of diffusion from
line sources placed within an array of cylinders, in which the flow was based on
potential theory, corresponded quite closely with measurements at finite Reynolds
numbers.

At high Reynolds numbers the interaction between the turbulence and the flow
distortion around the obstacles affects the wake eddies, firstly by the straining of
these eddies through mechanisms studied in idealized flows by Elliot and Townsend
[7]. The spreading of the wake may or may not be enhanced depending on the bal-
ance between converging streamlines and distortion of turbulence [8]. Secondly,
the wake eddies are affected by the blocking distortion as they impact on down-
stream cylinders [9], leading to increased fluctuating pressures, heat transfer and
noise [10].

In the previous work of Benhamadouche and Laurence [11], Rollet-Miet et al.
[12], Bouris and Bergeles [13] and Hassan and Ibrahim [14] it has become clear that
the essentially non-stationary flow in tube bundles can only be computed properly
by means of numerical simulations. Computations based on the Reynolds-averaged
equations are not sufficient because these have been found to underpredict turbu-
lence quantities and recirculation lengths. Therefore, we turn in the present study
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to a numerical simulation of the flow in a regular array of cylinders. By varying
the spacing of the cylinders, the repetition ’wavelength’ is estimated. Some of the
mechanisms and phenomena discussed above are identified. This study should help
in the practical application of numerical methods to tube arrays and to comparable
complex geometries. We present results of computations carried out both at low
Reynolds numbers, where the flow is laminar at first steady two-dimensional and
progressing to unsteady three-dimensional, and at high Reynolds numbers, where
the flow is turbulent. In the latter case the effective Reynolds number of the simu-
lations considered is sufficient to study the broad distortion effects on the energy
containing eddies, but it is not high enough for studying the fine detail of the turbu-
lence structure. As an application of this complex flow we also use the numerical
simulation results to investigate diffusion of a scalar within a tube bundle. The re-
sults are compared with those obtained for isolated cylinders and with the concept
of ‘topological’ diffusion proposed by Davidson et al. [6].

2. Problem Definition and Numerical Procedure

2.1. DESCRIPTION OF THE TUBE BUNDLE CONfiGURATION

Let us consider a staggered tube bundle with the tube axes perpendicular to the x–y
plane as illustrated in Figure 1. The cylindrical tubes have an infinite length in the
spanwise z-direction. The distance between two neighbouring tubes is taken equal
both in the vertical and horizontal direction. The mean flow through the bundle is
directed along the x-axis.

2.2. NUMERICAL PROCEDURE

In our numerical procedure we solve the incompressible three-dimensional Navier-
Stokes equations, which read in their conservative form:

∂u
∂t

+ ∇ · (uu) = − 1

ρ
∇ p + ∇ · {ν(∇u + ∇T u)} + f (1)

∇ · u = 0

where u is the velocity such that u = (u, v, w)T , p the pressure, t the time, ρ the
density and ν the kinematic viscosity. The equations are discretized by the finite
volume method [15]. In this method the variables are defined on a Cartesian mesh
in a staggered arrangement with the pressure in the centre of a grid volume and
the velocity components on the sides. To allow for non-rectangular boundaries the
diagonal Cartesian method [16,17] is used. In this method the physical boundaries
of the cylinder, which do not fit on the rectangular Cartesian mesh, are approximated
by means of the cell sides and the diagonals of the rectangular cells.

The projection method [18,19] is employed to solve the velocity–pressure cou-
pling. The first step of this method gives a prediction of the velocity field by solving
the momentum equation without the pressure term. This predicted velocity field is
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Figure 1. Staggered tube bundle (no side walls) consisting of an array of cylinders with diameter
D and at a distance L between their centres. The rectangular region bounded by the dashed
curve indicates an elemental computation cell. E and F correspond to the part of the geometry
where the flow accelerates or the straining occurs, which are considered in section 6.

generally not divergence free. To ensure continuity this velocity field is corrected
by a pressure gradient, which is obtained from the solution of a Poisson equation.
This equation is solved by an iterative solver coupled with a fast Fourier transform
in the homogeneous z-direction, which is in our case the direction parallel to the
cylinders in the tube bundle.

The time discretization is performed by the Euler backward scheme for steady
flows and by the Adams-Bashforth scheme otherwise. The convective terms are
discretized by a second-order central difference scheme.

2.3. FLOW REGION AND BOUNDARY CONDITIONS

Depending on the distance between the tubes, the mean flow becomes periodic after
a certain number of rows [20,21]. Periodicity in this case implies that the mean field
and turbulence statistics are invariant for a linear translation over one tube distance
in the x–y plane. The question then arises what should be the length LC in the x–y
plane where LC is the size of the computational domain needed to compute the
periodic flow field. In other words, how many tubes have to be embedded into this
domain to get a realistic solution, which is independent of LC. Furthermore, what
kind of boundary conditions have to be applied and what should be the length of
the computational domain in the z-direction?
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Figure 2. (a) ‘Elemental cell’, (b) mesh of an ‘elemental cell’ for the diagonal Cartesian
method, (c) domain with 16 ‘elemental cells’.

The smallest size for the computational region is LC = L , which is called an
‘elemental cell’. It consists of one cylinder in its centre and four cylinder quarters
in its corners as indicated by the dashed box in Figure 2(a) and which is also
indicated by the region bounded by the dashed curve in Figure 1. Rollet-Miet et al.
[12] show in their large-eddy simulations that an ‘elemental cell’ is sufficient as a
computational domain. This choice for the computational region is also confirmed
by the direct numerical simulation of Moulinec et al. [17]. Here, we shall also
consider a second computational domain which consists of 16 ‘elemental cells’ or
LC = 4L as shown in Figure 2 (c). The latter is called the ‘wide domain’. For both
domains, periodic boundary conditions are applied.

The flow is driven by a mean pressure gradient in the x-direction, i.e. f =
( f, 0, 0), which is adjusted at each time step to keep the mass flow constant. Both
two- and three-dimensional computations have been carried out. For all three-
dimensional computations the size of the computational region in the spanwise
direction, i.e. parallel to the tubes has been taken equal to D. The boundary condi-
tions in this direction are periodic.

We have carried out numerical simulations for various flow conditions, which
are characterized in terms of the Reynolds number Re = Vref D/ν where Vref is the
mean velocity in the x-direction in absence of the tube bundle (see Figure 1). For
0 < Re � 200 the flow is laminar and two-dimensional. For 200 � Re < Ret the flow
becomes three-dimensional but it still can be considered as laminar. Beyond Ret,
the transition Reynolds number, the flow should be considered as fully turbulent
and thus by definition three-dimensional. For our computations of the laminar flow
field we have considered two spacings L between the tubes. In the first case, the
distance L is equal to two diameters D (L = 2D) and for the second, we take
L = 3D. For the case of two-dimensional flow and L = 2D we use a mesh of
64 × 64 grid points to compute the flow in an ‘elemental cell’ and 256 × 256 grid
points for the ‘wide domain’. The mesh of 64 × 64 grid points is illustrated for
this case in the Figure 2(b). For the case of two-dimensional flow and L = 3D we
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Table I. Number of grid points used in the various computations.

L ≈ 2D L = 3D

Re 0 − 210 210 � Re � Ret Re = 6000 Re = 0 − 200 200 � Re � Ret

Dimension/flow 2-D/Lam 3-D/Lam 3-D/Turb 2-D/Lam 3-D/Turb

Elemental cell 64 × 64 64 × 64 × 16 196 × 196 96 × 96 96 × 96 × 16
× 128

Wide domain 256 × 256 256 × 256 × 16 384 × 384

The Ret represents the Reynolds for the transition between laminar and turbulent flows and
has not been calculated in this study. ‘Lam’ stands for laminar flow and ‘Turb’ for turbulent
flow.

have used 96 × 96 grid points for the ‘elemental cell’ and 384 × 384 grid points for
the ‘wide domain’. For the case of three-dimensional laminar flow we have used
64 × 64 × 16 grid points for the case L = 2D and 96 × 96 × 16 grid points for
the case L = 3D. For the case L = 2D computations were carried out for the
‘wide domain’ with 256 × 256 × 16 grid points. For the fully turbulent case only
the flow with L = 2D has been considered in an ‘elemental cell’ with a resolution
of 196 × 196 × 128 grid points on a stretched mesh. The various resolutions used
in the simulations have been summarized in Table I.

For the cases where we have carried out computations in the wide domain, we
can check whether a domain consisting of an ‘elemental’ cell is sufficient for the
computation of the flow field. To this end we have carried out a computation both
for L = 2D and 3D at Re = 150 where the flow is two-dimensional and unsteady
and for Re = 300 where the flow is three-dimensional.

To check the validity of periodic boundary conditions for the ‘elemental cell’, we
introduce two quantities �ε0 and �ε1, respectively, defined as �ε0 = max(A,B) |
εB − εA | and �ε1 = max(A,B) | 2(εB − εA)/(εB + εA) |. The ε will be defined
hereafter based on the fact whether the flow is two- or three-dimensional. The A
and B are the locations where the two values of ε are computed and for these we
choose the sections illustrated in Figure 2 (c).

For the cases that the flow is two-dimensional, i.e. at Re = 150, the ε is chosen
equal to variables, ux , which is the x-component of the velocity vector u, and to p.
For L = 2D, the order of magnitude of �ε0 and �ε1 is found to be 10−15, which
corresponds to the machine precision. For L = 3D, �ε0 and �ε1 are smaller than
10−11. Such small values of �ε0 and �ε1 imply that the flow in the ‘elemental
cell’ can indeed be considered as periodic. Therefore it is justified to use the ‘el-
emental cell’ with periodic boundary conditions as the computational domain for
two-dimensional flows.

For the three-dimensional case, i.e. Re = 300, ε is now computed based on the
variables U , V , which are the x- and y-components of the mean velocity vector aver-
aged in time and in the z-direction, and the u′2, v′2 and u′v′,which are the Reynolds
stresses averaged in time and in the z-direction. After 180 s of computation which
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Table II. Order of magnitude of �ε0 and �ε1 for the ‘wide cell’
at Re = 300 and L = 2D.

U V u′u′ v′v′ u′v′

εA 1.031 0.234 0.156 0.189 2.05e-02
εB 1.0281 0.233 0.155 0.188 2.13e-02
�ε0 3.4e-03 1.2e-03 1.7e-03 9.6e-04 7.8e-04
�ε1 3.31e-03 5.0e-03 1.1e-02 5.1e-03 3.7e-02

Figure 3. Wake flow past a single cylinder. (a) Vorticity profile, (b) velocity profile and defi-
nition of �u(x, y), the velocity defect.

represents around 35 crossings of the ‘wide domain’, �ε0 becomes never bigger
than 0.3% and �ε1 never bigger than 3.7% (see Table II). Those values are con-
sidered small enough in regard to the coarseness of the grid that periodic boundary
conditions can be assumed to be valid for the three-dimensional ‘elemental cell’,
as long as one is only interested in the flow statistics.

3. Wake Flow Analysis

As mentioned above, for the case of two-dimensional laminar flow we have con-
sidered the tube-bundle for two cases L = 2D and 3D. In particular we investigate
the wake behind the central cylinder in the ‘elemental cell’. The results can be
compared with the theory developed by Hunt and Eames [5] on the wake behind a
single cylinder in a planar straining flow.

A wake flow can be characterized by a number of dimensionless quantities.
These are for instance the recirculation length LR/D and the separation angle θS,
which have the same interpretation for the case of the flow behind a single cylinder
and the flow in the tube bundle and they are illustrated in Figure 2(a).

The two-dimensional wake flow can be further characterized by the profile of the
vorticity component in the z-direction ω(x, y), which is illustrated in Figure 3(a)
for the case of a single cylinder and in Figure 4(a) for the case of the tube bundle.
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Figure 4. Wake flow in a tube bundle where y = 0 is the centreline. (a) Vorticity profile, (b)
velocity profile and definition of �u(x, y), the velocity defect.

The vorticity is an anti-symmetric function of y and for the case of a single cylinder
it goes to 0 for y → ∞. For the case of the tube bundle, however, the vorticity
changes sign as shown in Figure 4(a). This is due to the boundary layers that develop
on the neighbouring cylinders.

Based on these vorticity profiles we define the maximum value of the vorticity
� as �(x) = 1

2 (�+(x)−�−(x)), where �+(x) and �−(x) are the maximum values
of the positive and negative vorticity, respectively (see Figure 3(a) for the case of
the single cylinder and Figure 4(a) for the tube bundle). To characterize the wake
the following dimensionless parameter is introduced: �(x)D/U where U is the
free-stream velocity u(x, ∞) for the case of the single cylinder and U = Vref for
the case of the tube bundle.

Another parameter to characterize the wake flow is the width of the vorticity
wake Y (x). For the case of the single cylinder it is given by the distance from the
centre line where the vorticity has dropped to a small value. For the case of the tube
bundle we take Y (x) as the distance from the centre line to the y-coordinate where
the sign of ω(x, y) reverses as shown in Figure 4(a).

In addition to �(x) and Y (x) also consider the volume flux Q(x)/(U D), which
is defined as

Q(x) = −
∫ +Y (x)

−Y (x)
�u(x, y) dy. (2)

where �u(x, y) is the velocity defect illustrated in Figures 3(b) and 4(b). For the
case of a wake behind a single cylinder the velocity defect can be interpreted as
�u(x, y) = u(x, y) − u(x, ∞) and for the integral in Equation (2) the Y (x) can be
taken as → ∞ as illustrated in Figure 3(b). For the tube bundle the definition of
Q(x) follows with �u(x, y) = u(x, y) − u(x)max and Y (x) as defined above.

Hunt and Eames [5] have studied the wake behind a single cylinder for the case
of a uniform planar straining flow (with strain rate α > 0) both for laminar and



DISAPPEARING WAKES AND DISPERSION IN flOWS THROUGH TUBE BUNDLES 103

Table III. Comparison of the evolution of the vorticity maximum and the volume
flux in case for a constant non-straining flow and for laminar/turbulent straining
flows of a wake behind a single obstacle in the asymptotic limit far from the
obstacle

Constant flow Laminar straining flow Turbulent straining flow

�(x) x−1 x−2 x−2

Q(x) x0 x−2 x0

turbulent flow conditions. The results for �(x) and Q(x) in the asymptotic limit
x → ∞ are given in Table III where they are compared with the results for the case
of a constant non-straining flow. We see that when the flow is laminar the variation
of � and Q with x is the same for both parameters in contrast with the results for
the wake flow in a non-straining constant flow. The reason why � and Q have the
same variation with x is due to the fact that far enough from the obstacle the wake
reaches a constant thickness Y∞ of order ν/α so that:

�(x) ∼ �umax

Y (x)
∼ �umax

Y∞
Q(x) ∼ �umaxY (x) ∼ �umaxY∞. (3)

For the case of a tube bundle, the wake behind each cylinder is perturbed by the
presence of neighbouring tubes. Directly behind each cylinder the flow is converging
and this perturbation is comparable to the influence of straining (with positive α).
This means that the wake behind a cylinder in a tube bundle may be compared to
the case of the straining flow behind a single obstacle as discussed above so that the
wake should decay faster than for the case of a constant non-straining flow. This
is the hypothesis that we will investigate with help of our numerical results in the
next section.

The same analysis applies in a strained turbulent wake far from the body, pro-
vided ν is now taken to be the eddy viscosity [5]. If the turbulence is very strong
or v′2 ∼ u2, the wake diffuses like a passive scalar (e.g. Townsend, 1976). In that
case the convergence effect is weak and we expect

Y (x) ∼ x

�umax ∼ 1

x
. (4)

so that �(x) ∼ 1/x2 while and Q(x) ∼ �umaxY (x) ∼ constant.

4. Numerical Results

4.1. LAMINAR flOW

Let us first consider the configuration with L = 2D. In Figure 5 we have plotted
the maximum of vorticity � and volume flux Q as a function of x together with
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Figure 5. Wakes in a closely packed bundle (L = 2D). (a) Vorticity maximum along x-axis,
(b) volume flux along x-axis. Symbols indicate the theoretical asymptotic slopes (see Table III):
� single cylinder in a constant flow, � in a straining flow [5]. The thick dashed line indicates
the boundary beyond which the influence of the downstream cylinder starts to be felt.

the theoretical relationships given in Table III for the various Reynolds numbers,
for which computations have been carried out. For small to moderate Reynolds
numbers (Re = 50,100), the flow is steady and the slopes of the curves of the
maximum vorticity in Figure 5(a) are almost straight, which implies a power law
behaviour for the region starting after the recirculation zone and before the impact
on the downstream cylinder. When Re = 50, the greater wake thickness means
that the asymptotic theory is not valid, so that Q(x) decays faster than x−2 (see
Figure 5(b)). The behaviour for Re = 100 is closer to the results for the higher
Reynolds number, for which the shear layers become thinner and the peak vorticity
increases in accelerating the flow downwind of the cylinder (0.5 < x/D < 1). For
1 < x/D < 1.3, the vorticity decreases rapidly when the ‘wake disappearing’ effect
is the strongest. Concerning the volume flux the slope of Q(x) at higher Reynolds
number tends to behave like x−2 as in the theoretical prediction for laminar straining
flows. Therefore, it seems that for the case of L = 2D, the wake behind a cylinder
in a tube bundle has almost the same behaviour as in a straining flow.

It follows from the numerical simulations that the shedding appears around
Re = 125 whereas for a single isolated cylinder in an unbounded uniform flow
shedding appears at Re = 40. This big difference between the shedding Reynolds
number for the isolated cylinder and the tube bundle, can be explained by the
reduced scale of the wake in the latter case. Another transition in the wake flow
occurs at Re ≈ 200, when the flow in the tube bundle becomes three-dimensional
(see Table I). This is approximately the same value as found for a single cylinder
[22]. The average separation angle θS and the recirculation length LR are shown in
Figure 6 as a function of Re.
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Figure 6. Wakes in a closely packed bundle (L = 2D). (a) Separation angle versus Reynolds
number, (b) recirculation length vs. Reynolds number.

Figure 7. Laminar wakes, large spacing (L = 3D). (a) Separation angle/Reynolds number,
(b) recirculation length/Reynolds number.

Next we consider a larger spacing between cylinders, i.e. L = 3D. The results
for the separation angle θS and the recirculation length LR are shown in Figure 7 as a
function of the Reynolds number. The transition between steady and unsteady flows
in this case appears just before Re = 100 and the flow becomes three-dimensional
at Re = 200. Note that at Re = 300, it appears that no recirculation zone exists.
For Re larger than 350, the recirculation zone reappears.

The variation of the vorticity maximum and the volume flux along x-axis is
shown in Figure 8. For Reynolds numbers up to 200 the maximum of vorticity �(x)
varies approximately in proportion to x−1, which is the same as in a constant non-
straining flow. However at higher Reynolds numbers the vorticity decays slightly
faster as a result of the straining effect by the neighbouring tubes. The results for
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Figure 8. Laminar wakes, large spacing (L = 3D). (a) Vorticity maximum along x-axis. (b)
volume flux along x-axis. Notation for the asymptotic slopes of theoretical curves is as in
Figure 2 (b)): � isolated cylinder (laminar/turbulent flow), � in straining flow (following [5]).

Q(x) shows also a mixed behaviour between the results for uniform and strained
flow. The transition to three-dimensional flow at Re = 200 does not seem to greatly
affect the evolution of Q(x).

Comparison of these results for L = 2D and 3D shows that for the case L = 2D
the wakes effectively ‘disappear’ so that except for the boundary layers near the
cylinder and a small separation region much of the flow field can be regarded as
a potential flow. For the case with the larger spacing where L = 3D, the wakes
disappear slower than for the L = 2D case but faster than for the wake behind a
single cylinder in a constant flow. This difference between L = 2D and 3D can
be explained by the fact that the mean velocity mid-way between the cylinders
accelerates to about 1.75 times the average velocity < u > across the tube bundle
for the case L = 2D, but only to about 1.15 in the case L = 3D. In the latter case
the mean strain is thus too weak to eliminate the wake.

For the case of the larger spacing our numerical results show that for the larger
Reynolds numbers the effects of the upstream cylinder wake persist further than
the distance L between the cylinders. Extrapolating from these results we estimate
that the ‘wavelength’ LC over which the effect of upwind wakes disappears is about
equal to L when L = 2D, but is of order 2L when L = 3D. In other words the use
of the ‘elemental’ cell as computation domain seems only allowed for L ≤ 2D.
The LC/L seems to increase approximately in proportion to 2(L/D − 1) or L/D.

4.2. TURBULENT flOW

Let us now consider the case with a Reynolds number, for which the flow is turbulent.
An example is the experiments carried out by Simonin and Barcouda [20] at Re =
18,000. In this experiment L = 45 mm and D = 21.7 mm so that the ratio L/D is
almost 2. We have simulated this case with the help of a DNS for a Reynolds number
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Figure 9. Turbulent wake in a tube bundle at Re = 6000. Compact spacing (L ≈ 2D). (a)
Vorticity maximum along x-axis; the lines indicated by up and down denote �u(x) and �d (x),
respectively. (b) Volume flux along x-axis. The symbols � in both figures denote the theoretical
of the wake behaviour in a straining flow (following [5]) (note difference with high turbulence
in Section 4.1).

of 6000. Although this Reynolds number is smaller than the experimental value,
the flow is highly turbulent in both cases and therefore we expect the numerical
simulation results to be comparable with the experimental data. In Moulinec et al.
[17] we have presented statistics such as the mean velocity components and the
Reynolds stresses and these have been found to agree well with the experimental
data. We will not repeat this comparison here.

In Figure 9(a) we show for this simulation the maximum of vorticity �(x) and
in Figure 9(b) the volume flux Q(x) as a function of the x-coordinate behind the
cylinder. In addition we have plotted the profiles of �d(x) (indicated as down)
and �u(x) (indicated as up). In this turbulent flow we note that �(x) behaves
approximately like x−2 (which has been predicted in section 3 for the case of
highly turbulent flow). In contrast the volume flux Q(x) does not vary significantly
also in agreement with the prediction for highly turbulent flow. We thus find that in
these strong turbulent flows the wake disappears over a short distance, as assumed
in the investigation of Davidson et al. [6]. We conclude that the behaviour of the
wake in this case is far from the features of highly strained turbulent flows studied
by Hunt and Eames [5], but in fact is close to the behaviour expected for highly
turbulent flows, for which wake dynamics is dominated by turbulent dispersion.

5. Diffusion of a Passive Scalar

So far we have looked at the statistics of the flow field. We now consider the
diffusion of a passive scalar from a line source emitting within the tube bundle and
in particular the effects of the general topology of the streamlines on the diffusion.
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In addition to the computation of diffusion in the tube bundle we also consider
the diffusion around a single cylinder in an infinite domain for the same Reynolds
number. This has been computed with a mesh consisting of 120 × 80 cells. For
the case of the tube bundle we consider the configurations L = 2D and 3D. To
avoid the effects of boundary conditions on the scalar field, we have extended the
computation domain to nine ‘elemental cells’ as shown in Figure 10(b) for L = 2D
case and in Figure 10(c) for the L = 3D case. For the L = 2D case the mesh
consists of 144 × 144 grid points and for the L = 3D of 240 × 240 grid points.
The Reynolds number is equal to 150, for which we discussed in Section 4.1 that
the flow is unsteady but effectively two-dimensional. The molecular diffusivity is
taken equal to the kinematic viscosity, the Schmidt number being equal to 1. We
refer to Figure 10 to illustrate the source positions.

In Figure 10(a) we show the average position of the concentration isoline yS(x),
at which the concentration has dropped to about 1/10 of the centreline value for

Figure 10. Diffusion of a passive scalar from a line source at Re = 150. (a) A single cylinder
configuration (Note—denotes the much smaller plume in a uniform flow without an obstacle).
(b) L = 2D configuration with γ1 = 45o, where the initial dispersion angle is β ≈ γ1 = 45o

. (c) L = 3D configuration with γ1 = 45o and γ2 ≈ 19o, where the initial dispersion angle is
β ≈ 30o; note that γ2 < β < γ1.
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the case of uniform flow past a single cylinder. Figure 10(a) shows that the yS(x)
develops in distinct stages with a parabolic plume following yS ≈ (Dx)1/2 far from
the source.

In Figures 10 (b) and (c) we show the average position of the same concentration
isoline yS(x), i.e. the isoline at which the concentration is about 1/10 of the cen-
treline value, for the two cases of the tube bundle. The scalar primarily diffuses as
a result of plume splitting as the streamlines pass either side along the downstream
cylinders onto which the flow impinges. This is essentially the ‘topological effect’,
pointed out earlier by Davidson et al. [6]. We can define two angles γ1 and γ2,
which characterize the geometry of the tubes in the tube bundle. The γ1 is the angle
between the x-axis and the diagonal of the ‘elemental cell’. The γ2 is defined by
the x-axis and the straight line meeting the origin and the point (3/2 L , −1/2 L)
(see Figure 10)(c). The ‘diffusion angle’ β, which is the angle between the initial
part of the concentration isoline yS(x) and the x-axis, quantifies the lateral spread
of the scalar. It follows from Figure 10(b) that for the case L = 2D β ≈ 45o or
β = γ1. For L = 3D Figure 10(c) shows that β ≈ 30o or γ2 < β < γ1. This result
implies that the ‘diffusion angle’ β varies with the ratio L/D depending on the
wake contraction induced by the proximity of the neighbouring cylinders. Further
studies are needed to establish the general validity of this relationship between β

and L/D.

6. Approximation to Flow in Tube Bundles

In Section 4 we have seen that our simulation results indicate that for the case
L � 2D the wake quickly disappears behind each cylinder for laminar flows. This
result can also also be extended to weakly turbulent flow when the effect of straining
dominates the wake. In that case most of the flow is then rotation free and can thus
be approximated by a potential flow. This allows us to use a much simpler and
quicker method to estimate the flow field than by means of our direct numerical
simulation.

The first step of this method is to get the potential flow solution for an infinite
number of dipoles in a uniform parallel flow. The dipoles are aligned along a straight
line, e.g. the x-axis, at a constant distance L . In Section 7 of the appendix we give
the streamfunction for this case. Secondly, we generalize this result to a staggered
set of rows of dipoles. The expression of the streamfunction for this latter case
becomes

�(∞,∞)(x, y) = U

(
y − π D2

4L

( +∞∑
k=−∞

sin
(
2π

y
L

)
cosh

(
2π

(
x
L − k

)) − cos
(
2π

y
L

)

+
+∞∑

m=−∞

sin
(
2π

y+0.5L
L

)
cosh

(
2π

(
x+0.5L

L − k
)) − cos

(
2π

y+0.5L
L

)
))

(5)

where we refer to Appendix 7.1 for details of the computation.
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Figure 11. L = 2D. (a) Streamlines for the potential flow following from a staggered set of
rows of dipoles in a uniform parallel flow. (b) Boundary of the distorted ‘cylinder’ SA located
along x-axis as an approximation to the exact cylinder SC.

The resulting flow, of which a streamline pattern is illustrated in Figure 11(a),
gives an approximation of the flow field in a staggered tube bundle. It is an approx-
imation because the combination of dipoles does not represent exactly the flow
around the cylinders of the tube bundle. This is shown in Figure 11(b) where we
illustrate the surface given by the curve SA centred on the x-axis, which is obtained
from our dipole solution as the closed curve along which the flow is computed. It
is clear that this surface is not exactly equal to a cylinder, i.e. to a circle as given by
the curve SC. The deviation, which depends on the proximity of the neighbouring
cylinder or alternatively on L/D, is rather small as shown in Figure 11(b). We have
investigated this deviation from an ideal circle for tube bundles with a spacing that
varies between 1.5 < L/D < 3. The results are plotted in Figure 12, where it is
shown that the error defined as δD = (D− DA)/D, with D the diameter of the circle
and DA the diameter of the approximate body, behaves like 1/L1.75. An asymptotic
estimate for L >> D, suggests that this error δD should vary as 1/L2. Note that
the magnitude of the error is already less than about 10% for L/D > 2.5.

For case of L = 2D we have compared the result obtained with the potential
flow method with the results obtained by our DNS computation at Re = 6000. For
the DNS we have used a stretched mesh of 196 × 196 × 128 cells. The calculation
lasts for 1000 h on an ORIGIN3800 whereas the potential flow methods needs less
than 1 min on the same computer. In Figure 13 we show the results for the stream
lines in both cases. (Note that we have computed the DNS in an ‘elemental cell’ but
in Figure 13(a) the domain has been extended to four ‘elemental’ cells by means
of periodic continuation.) We find that the mean streamline pattern is qualitatively
well predicted by the potential theory, especially in the acceleration part of the flow
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Figure 12. Shape distortion δA of a bundle of staggered cylinders as approximated by a series
of dipoles as a function of L/D.

Figure 13. Streamline patterns in a tube bundle with L = 2D. (a) Mean streamlines in 3-D
turbulent flow computed by means of DNS with the diagonal Cartesian method at Re = 6000.
(b) Streamlines pattern obtained from potential flow method. Note the symmetry and the lack
of any wakes.

where the distance between neighbouring cylinders is the smallest (i.e. the E and F
zones in Figure 1). However, in the small recirculation zones behind the cylinders
the inviscid model of course fails but this region is not of great significance for the
computation of the dispersion problem.

7. Concluding Remarks

We have studied the flow through a packed array of cylindrical tubes in a stag-
gered pattern. In particular we have studied the case for steady laminar flow at
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moderate Reynolds number and for unsteady three-dimensional vortical flow at
higher Reynolds number. We found that the recirculation length in the wake behind
the cylinders of the tube bundle is much shorter than the recirculation length behind
a single cylinder in a uniform flow in an unbounded domain. The explanation of this
phenomenon is the vorticity cancellation due to the accelerated diffusion, which is
caused by acceleration/deceleration of the flow between the cylinders in the tube
bundle. This effect has not previously been identified as being important for tube
bundle flows. The theory enables us to estimate the range of Reynolds numbers and
of spacings of the tubes in the bundles where this phenomenon of wake disappear-
ance occurs. As a result of this wake disappearance most of the flow domain can be
approximated by a rotation-free flow and this means that we can use a potential flow
model to approximate the flow in the tube bundle. Further studies are necessary to
determine for which range of conditions this potential flow approximation is valid
in two and three-dimensional geometries.

By means of DNS and the use of the diagonal Cartesian method we have also
simulated the fully turbulent flow through tube bundle at a Reynolds number of
6000. Again the phenomenon of wake disappearance is found but in this case it
is rather caused by the increased turbulent dispersion of the wake vorticity. The
mean flow field and the turbulence in this flow geometry are strongly affected by
the complex interaction of the flow around the cylinders. This has for instance a
dominating influence on the dispersion of a scalar within the tube bundle flow which
has been called ‘topological’ diffusion by Davidson et al. [6]. The dispersion normal
to the flow is determined by the splitting of the streamlines as they impinge on the
cylinders of the tube bundle. Molecular and turbulent diffusion are necessary for the
process, but they only have weak effects on the magnitude of the spreading angle
β. Further studies could provide more robust estimates of the effective diffusivities
(and spreading angles) in different geometries.

The concepts identified in this study have some application to the even more
complex problems of flows between moving and deforming bodies in engineering
and environmental two-phase flow and perhaps for the case of randomly moving
eddies in turbulent flows.

Appendix: Fast approximation to potential flow in tube bundles

FLOW AROUND AN INfiNITY OF ALIGNED CYLINDERS

Potential flow around a single cylinder at the origin (0, 0) of a two-dimensional
coordinate system is represented by the complex potential of the combination of a
uniform parallel flow with a dipole. It reads:

w(0, 0) = U z + D2U

4(z − z(0,0))

where D is the diameter of the cylinder and U the strength of the parallel flow.
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Figure 14. Staggered tube bundle seen as the sum of two aligned tube bundles.

Let us now consider the case of 2K + 1 dipoles distributed with a constant
distance L between neighbouring dipoles along a straight line, say the x-axis. The
complex potential w(K ,0) is obtained by summing the series of potentials as given
above with

w(K ,0) = U z + U
D2

4

+K∑
k=−K

1

z − z(k,0)
.

where zk = k × L . Note that in this approximation the stream surface SA, which
separates the dipole flow from the parallel flow is no longer exactly equal to a circular
cylinder. The ‘error’ between has been analyzed in Section 6. When K → ∞ the
summation can be carried out exactly resulting in the following complex potential
w(∞,0):

w(∞,0) = U

(
z + iπ D2

4L
coth

(
iπ

z

L

))
(6)

The streamlines are obtained from the imaginary part of this potential and are given
by:

�(∞,0)(x, y) = U (y − π D2

4L

sinh
( 2πy

L

)
cosh

(
2πy

L

) − cos
(
2πx

L

))

7.1. GENERALIZATION

The potential flow through a staggered array of tubes can now be approximated as
the sum of two bundles of aligned tubes, the latter being shifted with respect to the
former by the vector (L/2, L/2) (see Figure 14). The total complex potential can
then be obtained by summing (6) for each dipole row.

In the first bundle, the dipoles are centred in zk,m = (kL , mL) whereas in the sec-
ond one they are located in zk+1/2,m+1/2 = ((k + 1/2)L , (m/2)L). Considering the
first arrangement of dipoles, the following complex potential w(K ,M) is calculated
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with (2K + 1) × (2M + 1) dipoles

w(K ,M) = U
D2

4

+K∑
k=−K

+M∑
m=−M

1

z − kL − imL

= U
D2

4

+K∑
k=−K

(
1

z − kL
+ 2

(
z
L − k

)
L

+M∑
m=1

1(
z
L − k

)2 + m2

)
(7)

= U
D2

4

+K∑
k=−K

(
1

Lξ
+ 2ξ

L

+M∑
m=1

1

ξ 2 + m2

)

Here, ξ = (z/L − k). From previous considerations,
∑+M

m=1 1/(ξ 2 + m2) is defined
for all ξ when ξ 	= im and converges towards

∑+∞
m=1 1/(ξ 2 + m2) = −1/(2ξ 2) +

π coth(πξ )/(2ξ ). This leads to

w(K ,∞) = U
D2

4

+K∑
k=−K

(
1

Lξ
+ 2ξ

L

(
− 1

2ξ 2
+ π coth(πξ )

2ξ

))
(8)

= U
π D2

4L

+K∑
k=−K

coth

(
π

( z

L
− k

))
= U

π D2

4L

+K∑
k=−K

sk

with sk = coth(π (z/L −k)) = coth(a + ib) where a = π (x/L −k) and b = πy/L .
The streamlines are then determined by the imaginary part of sk , so that:


(sk) = 
(coth(a + ib)) = 
(
cosh(a) cos(b) + i sinh(a) sin(b)

sinh(a) cos(b) + i cosh(a) sin(b)
)

= − sin(2b)

cosh(2a) − cos(2b)

Finally,


(w(K ,∞)) = −U
π D2

4L

+K∑
k=−K
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y
L )

cosh(2π ( x
L − k)) − cos(2π

y
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.

The amplitude of this series is such that∣∣∣∣ sin
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when k → −∞ this series therefore converges towards:


(w(∞,∞)) = −U
π D2

4L

+∞∑
k=−∞
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y
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)
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(
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)
To calculate the streamlines corresponding to the shifted set of dipoles, x is

replaced by x + L/2 and y by y + L/2 in the previous equation. Based on these
results the streamfunction for the staggered tube bundle becomes:
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The velocity components are easily derived from this streamfunction as follows:

u(x, y) = ∂�(∞,∞)

∂y
(x, y)

v(x, y) = −∂�(∞,∞)

∂x
(x, y)

which leads to
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