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to use a smaller Reynolds number so that the cogradient flux does not become too
large.

It is of interest here to note the time development of u?(t) and u_§(t). In the
experiments by Lienhard & Van Atta (1990, figures S, 6) and Yoon & Warhaft

(1990, figure 4), they note that u3(t) shows similar decay to isotropic unstratified

turbulence, almost independent of the Froude number Fr. On the other hand, u_g(t)
shows deviations from the isotropic value at long time, which are larger for stronger
stratification (smaller Fr). These results can be qualitatively explained by (4.24) or

(4.29) of our theory. First consider u3(r) given by (4.24). When time ¢ is small, the
contributions from the term

E(k) [5(v — k)%k* cosat + 3(v — k)k?a sin at] (5.11)

are large especially at high wavenumber since this term contains k* and k. This term
represents essentially a no-stratification (isotropic turbulence) effect and exists even
when N = x = 0, showing simple exponential decay of E(k) with time. Note here
that this term does not oscillate with time at large k, since o becomes pure imaginary.
However, the effect of this term decays rapidly because the high-wavenumber compo-
nents decay faster with time owing to the viscosity and the diffusion. The examination
of the contribution of the two terms in (4.24) in the long-time limit (¢ — oc) shows
that the effect of the first term of (5.11) decays like t~(*3 and the second term of
(5.11) decays like t~(*2 if the initial spectra are given by (4.40) and (4.41). Where o is
imaginary, (5.11) is the ‘Pearson & Linden’ mode discussed in §4.2 but it decays faster
like t~#+%/2_ Then, as time goes on, the effect of the lower-wavenumber components
becomes dominant. At this stage, the effect of the term

NZsin® 0 [(E(k) + 25(k)) + (E(k) — 28(k)) cos af] (5.12)

becomes dominant. At low wavenumbers with real a, this term shows oscillatory
behaviour with time, leading to the oscillation of u3(t) particularly when N is large.
The experimental results reported by Yoon & Warhaft (1990, figure 4) show the
time oscillation of u3(¢) at their lowest Froude number Fr (at largest N). Their
measurement of the time development of @;; (their figure 5) shows that only the low-
wavenumber components oscillate with time, while the high-wavenumber components
show monotonic decay. This is again consistent with our results. When the time ¢
becomes much larger (t — co0), only the first term of (5.12), i.e. N*sin® 8(E(k) +25(k)),
becomes effective and (4.24) reduces to (4.50). Then the oscillations must cease in the
long time. Examination of the contribution of (5.12) in the integral representation of
u3(t) shows that in the long-time limit, the first term of (5.12) decays like t~(+1/2) while
the second term decays like t~¢*1. This is consistent with our qualitative discussions
above. .

We should note at the same time that the previous experimental data for u3(t) and

u3(t) are usually plotted as functions of the distance from the grid x/M, ie. of ¢, and
not of Nt. Since the oscillatory behaviour in (4.24) is mainly regulated by N¢, a larger
time t is necessary to identify the oscillation if N is small. This is exactly true when
Pr =1 (see (4.30)). Even when Pr # 1, in which case the integral of the complicated
function of at (see (4.24)) determine the time development, the main contribution as
time elapses comes from near k = 0 and 6 = =/2, which makes « = 2N. This might

be another reason why in the previous experiments the oscillation in Zg(t) was not
observed when N is small.
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Next we consider u3(t). Since the expression for u3(z) for general Pr is lengthy, we
have not given the results in §4. However, we can predict the qualitative behaviour
from the results for Pr = 1 given by (4.29). As we have seen in the inviscid results
(§3), the integral

/ df cos® # sin 6 cos(2Nt sin 6) (5.13)
0

in (4.29) becomes zero if we apply the steepest descents. This shows that this integral
decays faster than oc /2. We could see this effect also in the difference between
figures 1(a) and 1(b), where the results were for inviscid fluid. Since the integral (5.13)
is the only part in the expression for u2(r) that contains N, the effect of stratification
decays very rapidly in w?(¢) compared to #3(¢). This explains why in the experiments,
the effect of N (or Fr), in particular the oscillatory behaviour with time, was not
observed in the time development of u?(¢). As we have seen in figure 4, for the time
development of the anisotropy tensor b),b; and b; there is quantitative agreement
between DNS and RDT when the initial turbulence energy is small. This indeed shows
that if the nonlinear effect is weak, RDT predicts quantitatively the time development
of 43(z) and u3(2).

From the results of a DNS similar to Métais & Herring (1989), Kimura & Herring

(1996) calculated the velocity gradient skewness factors S, = —(0u/dx)3/(du/ 8x)23/2

and S, = —(dw/dz)? /(aw/az)23/2 and showed that S, reduces to nearly zero more
rapidly with time than §,. This suggests that the nonlinear energy transfer in the
horizontal direction, which would be indicated by S,, is less easily suppressed by the

stratification and this would also explain why u3(t), compared to u3(¢), shows a decay
rate more similar to isotropic neutral turbulence (Fr = oo), in which nonlinear effects
are larger.

Figure 8 shows the comparison with the thermally stratified water experiments
by Komori & Nagata (1995). Their experiments are for two-layer flow and not
for a continously stratified flow, but their one-dimensional cospectrum shows clearly
the effect of the large Prandtl number (Pr > 1). Here, Pr = 6, Re = 2500,
Fr = 2.86 (at the interface of the two fluids) and the value of PE,/KE, estimated
from the initial maximum of their normalized vertial density flux (~ 0.6) is 0.11.
The comparison with RDT results shows good agreement in that the enhanced
countergradient flux at high wavenumbers exists. In the salt-water experiments by
Itsweire et al. (1986) no countergradient flux was observed at high wavenumber, but
Lienhard & Van Atta (1990) speculate that this might have been the result of relatively
poor high-wavenumber resolution in their experiments. We should be careful about
the interpretation of the one-dimensional spectrum since, as already noted in §4, a
transitory countergradient flux at high wavenumbers appears even when Pr = 1.
However, comparison of the results of Komori & Nagata with the corresponding low
Prandtl number (Pr = 0.7) wind tunnel experiments for two-layer flow by Jayesh &
Warhaft (1994) show clear differences. As in the continuously stratified fluid, Jayesh
& Warhaft found that countergradient flux first appears at low wavenumbers. We
should mention here that in figure 8(a), the turbulent Froude number Fr was less
than 1 where x/M > 10 (Personal communication with Komori & Nagata), showing
the validity of the linear theory there.

To understand the decay of turbulence due to viscosity and diffusion, we show
in figure 9 the time development of the turbulence energy from the DNS of Gerz
& Yamazaki (1993) (their case C, i.e. the case with the smallest turbulence energy)
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FIGURE 8. Time development of the one-dimensional spectrum —f@ ,3(f,1) (f = k1U/2xn) near the

time when pu; first vanishes (Pr = 6, Re = 2500, Fr = 2.86). (a) Water-tank experiments by Komori
& Nagata (1995, figure 9b, x: distance from the grid, M: mesh length of the grid, Fr < 1 holds
where x/M > 10). (b) RDT (PEy/KEy = 0.11, kg = 25).
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FiGure 9. Time development of the kinetic, potential and total turbulence energy when Pr = 1 and
KEy=0.———— KE/KEy; — — — —, PE/PEy; — — — — — — , TE/TEy. (a) DNS by Gerz &
Yamazaki (1993, figure Ic). (b) RDT.

and the corresponding results from RDT. In this case Pr = 1, E(k) = 0 and S(k)
has the form of (5.2). RDT the turbulent kinetic energy KE(t) and the turbulent
potential energy PE(t) can be easily calculated from (4.28)-(4.30) by setting E(k) = 0.
Then, the total turbulence energy is obtained as TE(t) = KE(t) + PE(t). The results
are

KE(t) = 1 + 13 + ud)

_ %/ dkS (k)e=2% {1_%/ df sin 0 cos(2Ntsin )|, (5.14)
A 0
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- - 2
PE(t) = 5 eld
1 v 6) 4
=5 / dkS(k)e 2+ [1 + % / df sin 6 cos(2Ntsin 0) | , (5.15)
0 [4]

and
TE(t) = / dkS(k)e~ 2. (5.16)
0

We can calculate this integral analytically by substituting (5.2) and find the decay
ratio to be

* —2vk2t
TE(t) _ /o dStk)e _ ( 1 )5/2 (5.17)
[ve] 2 . .
TE(0) / kS (h) 1+ vkit
0

Using the same Reynolds number Re = 57.4 and the same peak wavenumber in the
initial energy spectrum ko = (87)!/? as in Gerz & Yamazaki (1993), we obtain the RDT
counterpart (figure 9b) of the DNS results (figure 9a). The comparison is good except
that there is a slightly faster decay in DNS. Thus the effective viscosity/diffusion (in
this case v = k) is a little larger in DNS. If the numerical viscosity is negligible in DNS,
the difference comes only from the nonlinearity. This supports again the conjecture
that, to incorporate nonlinearity effects, use of lower Prandtl and Reynolds numbers
are appropriate. When the nonlinearity is not large, its effect would be well described
by such choices. As we have seen in figures 2 and 4, the non-dimensional ratio of
the covariances agrees excellently with RDT, even when there are some deviations in
the decay rate of each covariances or the turbulent energies (figure 9). This shows
that the functional forms of the covariances are not affected by the nonlinearity, the
only differences being in the effective value of the viscosity/diffusion coefficient or
the Reynolds/Prandtl numbers.

It is of interest that, in the long-time limit (Nt — o0), RDT shows a decay
proportional to t~>2. This is exactly the same as the ‘final’ stage of decay of
three-dimensional unstratified turbulence (Batchelor 1953) having the same low-
wavenumber spectrum oc k*. This rate is greater than that of the initial, self-similar
and inertially dominated stage for which KE(t) oc t", where 1 < r < 1.3. The decay
rate in the long-time limit depends on the form of S(k) near k = 0 so that if S(k) oc k?
then the result differs from (5.17) and becomes TE(t) oc t~3/2, as we have seen in §4.
Gerz & Yamazaki (1993) did not give results for a very long-time development. In
the most energetic case B of Gerz & Yamazaki (see their figure 2), which shows a
tendency to isotropy in a rather short time, the decay is proportional to ¢t~ when
Nt/2n > 1.0, while the smallest turbulence energy case C showed much slower decay
at least for Nt/2n < 3. In comparison of the simplified two-point closure EDQNM
model and its linearized version (RDT) with the DNS results, van Haren, Staquet &
Cambon (1996) found that the decay rate in RDT is smaller than EDQNM and DNS
when Nt/2n < 1. These results can be attributable to the weaker or no nonlinear
transfer of energy in strongly stratified turbulence or in RDT to smaller scales where
the energy is mainly dissipated. However, the decay rate in stratified turbulence
changes with the elapsed time. Indeed, the long-time simulation of Métais & Herring
(1989) shows an ‘increasing’ decay rate with time similar to (5.17). (See run 2A of
their figure 13, where Pr = 1, E(k) is given by (5.1), and S(k) = 0. This difference
in the initial energy spectra E(k) and S(k) does not change the theoretical prediction
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of total energy decay given by (5.17).) In (5.17) the decay rate increases from ¥ at
t=0to 2 as t — co. In their final period of computation (Nt = 100x), the energy
decays like 1, which is tending to the RDT result. Finally it is important to note
that (5.17) explicitly shows that the decay rate is independent of the stratification
parameter N and is determined by the viscosity v, as was suggested by van Haren
et al. (1996) from their numerical results. Therefore care should be taken if time is
non-dimensionalized by N in discussions of the decay rate.

6. Conclusions

We have investigated the time development of stratified unsheared turbulence using
rapid distortion theory (RDT). The result shows that the time-dependent oscillations,
including the countergradient phenomena, can largely be explained in terms of phase
lags in linear oscillations rather than in terms of any new kind of nonlinear mixing
processes. Our main results can be summarized as follows.

For inviscid fluid, we have obtained the time-dependent covariances in explicit
analytical forms and showed their short- and fong-time limits. These limits have
clarified that the initial turbulent kinetic and potential energy determine the final
partition of energy among each velocity component and density perturbation. The
covariances depend only on the initial total kinetic and potential energy and not on
the precise form of the energy spectra. The oscillation period of the covariances,
including the zeros of the vertical density flux, are completely independent of the
initial condition.

For viscous/diffusive fluids, we have given the analytical form of the time-
dependent three-dimensional spectral functions and expressed the corresponding
one-dimensional spectra and covariances by rather simple integrals, which enable
us to see the effect of the Prandtl and Reynolds numbers clearly. We have found that
a high Prandtl number (Pr > 1) leads to the countergradient flux occurring at high
wavenumber, while a low Prandtl number (Pr < 1) inhibits the countergradient flux
at high wavenumber. These explain the difference between the water tank and wind
tunnel experiments. The analysis shows that special care is needed in interpreting the
three-dimensional and the one-dimensional spectra. One-dimensional spectra show
the transitory countergradient flux at high wavenumber even when Pr = 1, which
does not occur in the corresponding three-dimensional spectra.

For viscous/diffusive fluids, the asymptotic forms of the variances and covariances
in the long-time limit are determined by the initial spectral form of the kinetic and
potential energy, ie. E(k) and S(k}, near k = 0. Specifically, it has been shown that
the ratio of the turbulent potential energy to vertical kinetic energy in the long-time
limit is 3/2 and independent of any initial conditions (other than the assumption of
isotropy), Prandtl number, Reynolds number and Froude number. This should help

modelling real atmospheric or oceanic turbulence (Schumann & Gerz 1995). The

. . . . —1/2—51/2
asymptotic form of the normalized vertical density flux puz/(p? / u3 ) also shows

similar independence of the initial conditions and the non-dimensional parameters.
When Pr = 1, all the wavenumber components in the three-dimensional spectrum
function oscillate in phase, as in an inviscid fluid. Then the effects of viscosity and
diffusion are limited to the damping of all the wavenumber components in phase.
The osciliation periods of the covariances also agree with those for an inviscid fluid
and do not depend on the initial conditions (except for the assumption of isotropy).
If Pr = 1 and the initial turbulent kinetic or potential energy spectrum has the
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same form except for the multiplying constant, the non-dimensional ratios of the
covariances, such as the normalized vertical density flux or the anisotropy tensor,
agree exactly with the inviscid results.

To estimate certain effects of nonlinearity which might dominate in high Reynolds
number turbulence (cf. Townsend 1976), the use of an effective (eddy) viscosity
and diffusion coefficient has been considered. (There are of course other effects of
nonlinearity, such as modulating the frequency of the oscillation, not described by this
approximation.) This leads the eddy Prandtl number Pr, (see Townsend 1976, p. 358)
and Reynolds number to be smaller than the molecular values. Applying these values
in the linear theory leads to the strength of the countergradient flux decreasing and
our results become closer to the moderate Reynolds number laboratory experiments.
We note that in atmospheric measurements of unsteady stably stratified turbulence
at very high Reynolds number (where Re ~ 10* and Fr ~ 1) such as those described
by Nai-ping, Neff & Kaimal (1983), countergradient fluxes were observed. Significant
countergradient fluxes also occur when density layers emerge in decaying turbulence.
Barenblatt et al. (1993) proposed a novel mechanism based on a nonlinear time-delay
model of Richardson number-dependent eddy diffusion. The range of applicability
of this concept needs further examinations.

Finally we note that in steady or slowly varying stably stratified turbulence at
high Reynolds numbers, such as described by Hunt et al. (1985), no systematic
countergradient fluxes were observed.
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