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Abstract

New theoretical results and physical interpretations are presented concerning the interactions between different types of
velocity fields that are separated by thin interfacial layers, where there are dynamically significant variations of vorticity
across the layers and, in some cases within them. It is shown how, in different types of complex engineering and
environmental flow, the strengths of these interactions vary from the weakest kind of superposition to those where they
determine the flow structure, for example by mutual exclusion of velocity fields from the other region across the interface,
or by local resonance near the interface. We focus here on the excluding kinds of interactions between, on the one hand,
elongated and compact regions containing vortical flows and large variations in velocity, and on the other hand various
kinds of weak perturbation in the surrounding external flow region: rotational, irrotational; time-varying, steady; large,
small; coplanar, non-coplanar; non-diffusive, diffusive. It is shown how all these kinds of external disturbances can be
wholly, or partially, ‘blocked’ at the interface with the vortical region, so that beyond a certain sheltering distance into the
interior of this region the fluctuations can be very small. For the special case of quasi-parallel co-planar external straining
motions outside non-directional shear flows, weak sheltering occurs if the mean velocity of the shear flow increases —
otherwise the perturbations are amplified. For non-parallel flows, the sheltering effect can be greater when the vorticity
is distributed in thin vortex sheets. The mechanism whereby the vortical flow induces ‘blocking’ and ‘shear-sheltering’
effects can be quantitatively explained in terms of the small adjustments of the vorticity in the vortical layers, and in some
cases by the change in impulse of these layers. If the vorticity in the outer part of the vortical region is weak, it can
be ‘stripped away’ by the external disturbances until the remaining vorticity is strong enough to ‘block’ the disturbances
and shelter the inner flow of the vortical region. The mechanisms presented here appear to explain on the one hand some
aspects of the observed robustness of vortical structures and jet or plume like shear flows in turbulent and geophysi-
cal flows, and on the other hand the levels of external perturbation needed to erode or breakdown turbulent shear flows.
© 1999 Elsevier Science B.V. All rights reserved.

1. Introduction

Progressively over the past 30 years, during which the Japanese Society of Fluid Mechanics has
been establishing itself very successfully, the problems studied in fluid mechanics have become
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Fig. 1. Schematic diagram of interactions over a length scale A between an external region [F1], containing disturbances
with length scale L and a vortical region [F2], that may be turbulent. The regions are separated by an interface [B] of
finite thickness, whose instantaneous position is indicated by solid lines (=) and whose mean position is indicated by
a dashed line (——-). (a) Streamlines pass through [B], so that the interactions are advected (AI). (b) Streamlines are
parallel to [B], so that the interactions are external (EI).

considerably more complex, particularly those involving different types of fluid motion in overlap-
ping or adjacent regions of flow. We are concerned here with flows at high Reynolds and Peclet
numbers, so that the effects of molecular diffusion on the interactions between these flows are small
except close to the boundary [B] between them. In these more complex configurations the overall
flow is not generally dominated by a single mechanism or defined by one or two dimensionless pa-
rameters, for example perturbations do not grow everywhere at the same rate (Hunt and Carruthers,
1990). However, many studies have shown that in particular zones, or thin layers, and on certain
ranges of time and/or length scales the flow may be dominated by particular mechanisms which are
characterised by very few parameters. In many cases these mechanisms correspond to singularities
in the governing equations, which is why we should follow Tatsumi’s (1999) injunction, spoken
forcefully as if to a party of Samurai warriors, and ‘attack the singularity’. New flow phenomena
and characteristic mechanisms arise from the interactions between the flow regions, say [F1] and
[F2]. These tend to develop within the flow regions when the flows cross the boundaries [B], or
else in layers close to [B], whence interacting effects may propagate or be advected into the interior
of the regions (Fig. 1).

A large class of such fundamental flow problems, which have many interesting practical applica-
tions are characterised by interactions between adjacent regions of turbulent velocity fields, having
distinct characteristics, perhaps generated by different kinds of instability or having widely different
length scales. These interactions occur within turbulent flows, and also ionised fluids, for example
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where small eddies impinge on large coherent structures, or where the outer and inner parts of a
turbulent boundary layer meet (e.g. Terry et al.,, 1992). In engineering these problems occur in the
design of turbomachines. There, the flow approaching the rotating aerofoil blade or centrifugal im-
peller contains turbulent eddies that are much larger than the small scale turbulence in the boundary
layers on the solid moving parts. In order to determine the effects of this external turbulence on
heat transfer or the pressure distribution, it is necessary to understand how it affects the growth of
the turbulence in the boundary layers, when they are initially laminar. Because this occurs at lower
values of the Reynolds number than without external turbulence — it is called ‘bypass’ transition. Is it
caused by the growth of external turbulence after being simply advected into the growing boundary
layers (an advected interaction (Al)), or alternatively or simultaneously does the external turbulence
directly induce pressure and velocity fluctuations in the shear profile of the boundary layer, that may
be unstable? This is the problem of ‘receptivity’. The latter external interaction (EI) mechanism
may be very weak because of the tendency of a shear profile to be sheltered from external fluctua-
tions. Experiments and numerical simulations (e.g. Goldstein and Wundrow, 1998; Voke and Yang,
1995; Liu and Rodi, 1991) cannot really discriminate between these competing mechanisms without
a better theoretical framework, to which we contribute in this paper. It has long been recognised
that sheared interfaces strongly affect the transmission or blocking of sound. The dynamics of this
process has some similarity with the dynamics of the problems considered here (Ffowcs-Williams
and Purshouse, 1981).

Similar problems arise on a range of larger scales in meteorology; a major concern is whether
vigorous turbulence on the scale of a kilometer driven by thermal convection in deep clouds can
descend into the boundary layer flow near the ground and cause high speed gusts, or whether the
vorticity of the shear flow can in any way prevent or significantly distort this process. (Collier
et al., 1994; Nakamura et al., 1996).

On the even larger scale of thousands of kilometers there are well defined atmospheric motions
where relatively intense regions of organised vortical motion, such as cyclonic storms or polar
vortices, interact with randomly structured external disturbances. It is often found, though perhaps not
very well explained yet, that the vortical regions are hardly ever penetrated by energetic large scale
disturbances, and their erosion by those on smaller scales is very slow (e.g. Legras and Dritschel,
1993). This may explain why these vortical regions can persist almost undistorted for large periods
(over several days or even a month) (Methven and Hoskins, 1998).

Interactions between eddy motions in adjacent regions of turbulence in geophysical flows are
generally limited, by stabilising buoyancy forces and on large scales by Coriolis forces. This tends to
limit the interactions to layers near [B]. But the existence of a stable layer implies that wave motions
are set up which may either propagate the effects of the interaction far from [B] (Carruthers and Hunt,
1986), or may trap the wave energy that therefore steadily increases. Then the waves must break and
dissipate the energy (Perera et al., 1994). A similar wave-resonant interaction (WR) tend to occur
between external vortical disturbances and intense elongated vortices (Miyazaki and Hunt, 1998).

Other aspects of interactions have to be considered in flows around groups of obstacles. These
might be solid immovable bluff objects, whether on a plane surface (ranging in scale from sand grains
to mountains) or in cross flows, such as rows of cylinders in heat exchangers. Equally interesting
group effects occur when the obstacles are free to move, as they are in disperse two-phase flows. In
either type of flow the wake of each obstacle perturbs the velocity field around downstream obstacles,
and also the wakes directly interact with each other (e.g. Davidson et al., 1995). Clearly there are
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many interacting flow regions, so that a statistical description of the flow is generally necessary; but
this still requires a good understanding of the mechanics. One effect that is implicitly assumed in
current two-phase models, is that the long range effects on the flow caused by any one obstacle is
much reduced by the presence of the others (Hunt et al.,, 1995). These sheltering effects are also
significant at low Reynolds numbers (Koch, 1993).

For these types of complex flow practical models are needed; one approach is to make simplifying

assumptions about the nature of the interactions (see Hunt, 1998), and classify them as broadly:

(1) superposition (S) of flows in overlapping regions so that interactions can be ignored, an
example of the success of this approach, but still without much formal justification is modelling the
combined forces on particles in two-phase flows (Magnaudet et al., 1995).

(i1) exclusion of flows (X), or flow processes, in certain regions because a particular mechanism
is dominant, especially near the boundary [B];

(iii) significant interactions (Al and EI) between the flows in the adjoining regions, in which new
phenomena or mechanisms may arise.

In this paper we focus on interactions between external flows containing perturbations and adjacent
vortical flows, of and we consider how the interactions may be classified as above. We analyse in
Section 2 disturbances of scale L in [F1] outside shear layers which extend over distances A in the
mean flow direction, that are much greater than the scale L. We consider how the disturbances are
distorted by the vortcity in [F2], and how this can lead to the flow in this region being sheltered by
the shear. In Section 3 we consider cases where L is of order of A and the boundary between
the regions is not planar, nor are the mean flows necessarily parallel to each other; again we
note the distortion, or blocking effects, in [F1] and in some cases sheltering in [F2]. The results
have interesting implications for certain global scale atmospheric motions and concepts about the
inhomogeneous structure of turbulence, both on small and large scales and for statistical models.

2. Finite scale perturbations to elongated shear layers
2.1. Perturbations outside boundary layers

Our object here is to analyse the external interactions (EI) between perturbations u!>!(x,¢) in the
free-stream, where the streamwise mean velocity is 7= U, in the adjacent boundary layer over a
rigid surface at y =0 and the mean velocity profile is U(y). We are not considering the advected
interactions (Al) of the perturbations as they enter the growing layer; in fact we assume here that
the layer has constant thickness /4. Thus

U =UU(), 7=y,

U—1 asj— oo, U=0 atj=0. (2.1)

We consider a relatively weak two-dimensional fluctuation with magnitude uy<U,,, with a length
scale L, and it moves with a velocity ¢ in the free stream. In order to obtain analytic solutions
and demonstrate the key processes we assume that L >> k; this approximation is relevant to many
experiments and practical configurations. See Fig. 2. Some of the results can be generalised to
three-dimensional fluctuations.
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Fig. 2. External interactions between a boundary layer flow in [F2] and small amplitude disturbances travelling with the
freestream speed Uso. (a) Schematic diagram with scales, showing the flow zones {U} in [F1] and {M}, {S} in [F2].
(b) the perturbation streamlines (—) in a moving wake travelling outside the boundary layer (after Hodson, 1988), and
the profiles in the streamwise direction of the perturbation velocity u and perturbation pressure p at the top of the middle
{M} zone. (c) Typical vertical profiles of the variances of the ‘blocked” fluctuations in the horizontal (-0-0-0) and vertical
(-x-x) velocity components in the zone {U}. Because of ‘shear sheltering’ the amplitudes of the velocity fluctuations in
{M} are small and of second order (.0.0,.x.x.x). The amplitudes of pressure (—x — x) are second order in {U} and in {M}.

Thus in the free stream, as y/L — oo, the total velocity field u* is given by u* =u +u, where the
perturbation field is expressed in moving coordinates as u = u!*! = u, f(%, ), and the mean velocity
is u=(U,0,0), where

y=y/L and f=(fs[,0) (2.2)
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either the maximum value f, ~ 1 or, if it is random the rms value of (f2)"? ~ 1, so that u,
indicates the magnitude of the free stream disturbance. We assume that

g < U (2.3)

We now consider how u changes above and within the layer as it is advected downwind. Previous
studies by Grosch and Salwen (1978) and Jacobs and Durbin (1998) have considered small distur-
bances, where f is periodic in x and y, that travel at the same speed as the mean flow, i.e. ¢ = U,.
They showed that, as Re(=hU,,/v) — oo, external disturbances are damped out at the top of the
boundary layer. Here v is the kinematic viscosity. If only linear disturbances are considered, they
are exponentially small, below a certain sheltering distance

s ~ h(hR /L)™'3,

so that as h/L decreases, /;/h increases. This demonstrates the principle of shear sheltering for
linear disturbances when ¢= U,,. What happens when these precise constraints are relaxed? The
experimental evidence is that some penetration can occur.

Consider the problem of a mathematically ‘compact’” moving disturbance such that |f| — 0 as
|X| — oo|. This could be the wake of a body moving across the stream ahead of the plate (Hodson,
1985; Liu and Rodi, 1991); in this case f,, f,, <0. Since f, #0 on y =0, the external disturbances
impact on the boundary layer and the plate. This creates an additional perturbation velocity Auw,
which may be analysed in three zones corresponding to different mechanisms, namely upper {U},
where y > h; middle {M}, where & < y < hg; and surface {S} with depth &, where A > y > 0. As
in other rapid distortion problems, the changes to the initial or free-stream disturbances are linear
over a travel time Ty =x/U, less than the intrinsic time scale of the disturbance 71 ~ L/uy. In
the zone {U} above the boundary layer where vorticity comes only from the external disturbance,
this vorticity field is simply advected by the mean flow and is not distorted by the changes to the
perturbation velocity near the plate (Hunt and Graham, 1978). This implies that the perturbation
velocity field is the sum of the initial free stream field and Au, so that

u=ul> 4+ Au, (Au,Av)=Vo, (2.4a)
where, to satisfy continuity,
Vi =0. (2.4b)

Since the length scale of the free stream perturbation #(>! is large compared to the boundary layer
depth 4, the boundary condition on

Au as y/L—0
is that

Avy= 2?} (Y/L —0)= —uyf,. (2.4¢)

In the free stream, as y/L — oo, |Au|=|V¢| — 0. This linear calculation implies that Aw and ¢
are also functions of ¥ and J and are not varying in time as they move downstream.

Note that further downstream where Ty > T the impingement of the free stream perturbations onto
the plate leads to significant distortion of their vorticity as for example occurs when vortical eddies
in shear free boundary layers roll up into vortex tubes near the surface (Perot and Moin, 1995).
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In the middle layer {M} the equation for the vertical velocity perturbation v is essentially the
Rayleigh equation for small perturbations to a shear flow (Drazin and Reid, 1980; Collier et al.,
1994). It can be expressed in coordinates moving at the speed of the disturbance ¢ as

o [(UdPTY
0*0/0p <ﬁ> =0, (2.5)

where 6(X, §)=uv(x, y,t), and, for consistency, (X, ) = u(x, y,t) To solve Eq (2.5) it is convenient
to write U = U($) — ¢, noting that $ = yh/L and that d2U/d > =d?U/dp* ~ U, L*/h>.

If c=U,, then U — 0 when $ ~ h/L and U — —c as $ — 0.

The boundary condition on ¢ is that, since the vortical deflections of [B] are assumed to be small
compared to A, both § and p are continuous at the interface between {U} and {M}, i.e. where
9 — 0 and yL/h — oo (see also Section 2.3).

Following Lighthill (1957), the complete solution to Eq. (2.5) can be expressed as

0%, P)= —A®UG) - B &)U / TGN, (2.6)

where the prime denotes a derivative and j}T is the integration variable.
Thence, from continuity (i.e. dui/0x + 06/0py =0)

ik, ) =AG)U'(9) + B(R)

AR —
O [ TROha T )| @)
Y1

where A(x),B(X), and y, are determined by satisfying the velocity and pressure conditions.

Firstly, in order that =0 on y =0, since U(0)#0, 4'(X)=0, and $, =0.

In order to match with the external solution, we note that if ¢c=U,,,U — 0, as pL/h — oo. In
the boundary layer, in a coordinate frame moving with speed ¢, the full expression for the pressure

perturbation is
op —ou . 0U { ou A@ﬁ]
+

% =U a—x + Ua_j} M& + Ua—),> .
Note that within {M}, provided, 62U/d5>#0, the leading linear approximations can be used to
calculate variations of the velocity fluctuations within the layer. These are driven by pressure fluctu-
ations plYl, above the layer which may be non-linear. Here the non-linear terms are marked by the
square brackets.

We now consider the case of ¢ =U,,. Then at a small distance below the top of the layer, where
y=h, such that U(h)=|U — U,| > u,, the above equation (2.8) is dominated by the linear terms,
so that the term in square brackets can be neglected. Above this level the equation is non-linear,
because the linear terms are very small. Thus the results (2.6) and (2.7) are valid for y < h,, and
it follows from Eq. (2.8) that to first order

— 0p/ok = 0B/dx. (2.9)

Since the distance between the levels y =4 and y = A, is much less than L, the difference in pressure
is also small. To leading order p™! does not vary with y in {M} and is therefore equal to its value
at the bottom of the upper layer {U} above the boundary layer, whence

B()= - pM@@)= — PG 7 — 0). (2.10)

(2.8)
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Note that although v and p at the bottom of {U} and at the top of the linear part of {M} match
each other, this is not the case for the horizontal component u, since the linear solution for u in
[M] given by Eq. (2.7) is singular as ph/L — oo. The finite limit for ¢ as ph/L — oo for a realistic
boundary layer profile, such as U ~ U, exp(—pL/h), is determined by Eq. (2.6). Thus

A oo (7 [T 72 g . 1B()| 2
b~—-B'X)|U i U "dy ), so that |d] ~ (h/L)U— ~ (h/L)(uz/Us). (2.11)
Note that as #/L — 0, then at the top of this thin boundary layer the vertical velocity fluctua-
tions relative to their external level are negligible to first order. Therefore the ‘blocking’ boundary
condition (2.4c) for Av in the upper zone {U} is effectively applicable at the level y ~ h. For

y < h,, the streamwise velocity fluctuation is given in terms of p™! by

u=p™M(&, 3 — 0)Z(p),
where

d

U b . . _
Z— dﬁ(ﬁ)/ 023N +07'() and U= —T/U..
0

Note that for the case where ¢ = U,
U=(1-UUy).

Therefore when ¢ = U, at the top of {M} non-linear or viscous processes determine the smooth
transition between these layers. An approximate form for u that is finite and continuous across this
narrow °‘critical’ layer at y ~ h, and is asymptotically correct when L > y > 4 and when y<h, is

u(®, )= — ) where 1= — (pY/u)&, ,— 0) in {U} (2.13)

’ (U = Ux) + M%) 7 ' '

To illustrate these effects of the blocking of the external normal velocity v!°°! by the shear in the
boundary layer, when ¢ = U, and the sheltering of the flow within the layer, we consider a particular
example of a small but finite amplitude free stream perturbation that moves with the mean velocity,
and is of such a form that the pressure perturbation far above the plate is exactly zero. We take the
practical example of a weak jet or wake, such that u = — (cos a, sin o )ug f where f =1/(1 +%?). This
corresponds to a travelling wake impacting on the boundary layer (Hodson, 1985), if ©/2 > o > 0,
or an atmospheric downburst if © > o > m/2. Then for Ty < T, at the bottom of the zone {U}
just above the boundary layer the solution for ¢ in Eq. (2.4), can be written in complex form as
Au — iAv=sina/(i 4+ z), whence Au(x, y — 0)= 1,(X)uy, where

Ju = (Fsina)/(1 +3%). (2.14)

In this case the streamwise velocity perturbation just above the boundary layer consists of the free
stream perturbation and a forward jet on the leading side of the perturbation and a negative one on
the trailing edge. See Fig. 2b.

The results (2.13) show that to first order the velocity fluctuations in zone {M} of [F2] are zero.
But to second order they are finite and are determined by the pressure perturbation p at the bottom
of {U}, where

YIL—0 pM=—(1/2)(ue + Au(y=0)) + Ap, (2.152)
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where Ap = pyas + ff wag(O/0t) dX. The latter small term, which is formally of the same order as
, 1s the result of the distortion of the vorticity of the perturbation the leading order “blockin
p™Ml. is th It of the di i f th icity of the p bation by the leading order ‘blocking’
term in Eq. (2.14). For a sinusoidal free stream perturbation this term can be calculated, in which
1,2

CaSE Pyag = éué and the maximum value of the error Ap is SUp-

Thus in our wake example
A A M]/ 2 1 2 A 224712
p(x, P/L — 0)= pM(%) ~ —Euo[(*cosa + xsina)/(1 + %), (2.15b)

Thence using Eq. (2.12) u can be calculated in the layer {M}. Note that its form differs from that
in {U}, being everywhere negative and having two minima.

The form of the perturbation changes downstream (7 =17} ), when the vorticity of the impacting
disturbance begins to be significantly distorted, and higher order terms in Eq. (2.15a) have to be
considered. In addition if the boundary layer is laminar, instabilities tend to be stimulated and modu-
lated by the travelling disturbance above the layer, as recent direct numerical simulations demonstrate
(Wu et al., 1999). The experimental flow studied by Liu and Rodi (1991) corresponds to that of
our example, and the results for u in the early stages of the interaction are very similar to these
theoretical results. Both the DNS and experiments demonstrate the sharp difference between the form
and magnitude of the fluctuations in the zones {U} and {M}, showing that it is quite incorrect in
these problems to seek solutions where all components grow with time throughout the flow at the
same rate.

If the disturbances travel at speeds ¢ significantly different from the free stream speed, as occurs
in atmospheric downbursts, shear sheltering is limited or does not occur at all. Indeed the surface
gusts may be quite large, and their form may be strikingly different from those generated in normal
conditions by surface shear (Collier et al., 1994).

In terms of the concepts of interacting flows proposed in the introduction, these flows demonstrate
the phenomena of exclusion (X) in some circumstances, of superposition (S) in others, depending
largely on the parameter ¢/U,,, and to a lesser extent on the amplitude uy/U,,. Qualitatively all the
results shown here are also applicable to three-dimensional perturbations, both in terms of locking
and shear sheltering. This can be shown by using the three-dimensional analysis of thin shear layers
(Hunt et al., 1988) and by referring to the analysis of Craik (1991).

2.2. Shear introduced into inhomogeneous turbulence

We now consider a different type of flow where a mean shear flow is introduced (when ¢ > 0)
into a pre-existing field of inhomogeneous turbulence near an interface, in contrast to the previous
problem where external turbulence was introduced outside an existing shear layer.

We consider how a field of low intensity turbulence in region [F1] with homogeneous vorticity
w!*l(x,1) (with a velocity scale uy<U,,), and a uniform mean velocity, U,,, interacts across an
interface [B], at y =0, with the flow in region [F2]. In this region initially at =0, there is no
vorticity field and the mean velocity #* = U,,. Then a mean shear du/dy is applied at > 0. In
this case turbulence may also have been initially generated near the interface, for example by a thin
shear layer. See Fig. 3. As before we consider the high Re limit and apply appropriate matching
conditions across [B]. We develop here the earlier study by Gartshore et al. (1983).
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Fig. 3. Schematic diagram of the interaction between turbulence in [F1] and the flow in [F2] where a mean shear is
initiated when ¢ > 0, showing the difference in the profiles of u?> (—o — 0) and v? (—x — x) either side of [B] and the
growth of positive and negative Reynolds stress —uv for ¢t > 0 (—v — V).

At t=0, because there is no shear in region [F2], the vorticity fluctuations in [F1] and in the
locality of [B] induce velocity fluctuations at the interface at y =0, namely u'®! (x, y =0, z,1¢). These
in turn, induce irrotational fluctuations u!?!(x,¢) in [F2]. Since this flow must also satisfy continuity

u?'=V¢, where Vi =0. (2.16)
To satisfy the matching conditions for the normal velocity on [B], then

(x,t)=0v®!(x,£) on y=0. (2.17)
Expressed in terms of Fourier components

VB = A(ky, k) exp(i(kix + k3z)). (2.18)

It follows that the fluctuations in all three velocity components decrease exponentially below the
interface, i.e.,

for y <0, |u¥|~ exp(—kizz) where ki3 =(kf + k32)1/2.

When a spectrum of velocity fluctuations at [B] is considered, whose energy increases proportionally
to k* for eddy scales much larger than the integral scale Ly, then it is found that the energy of these
fluctuations in [F2] decreases in proportion to ((—y)/Lx)~*. This result of Phillips (1955) was the
first linear inhomogeneous RDT calculation. As with other RDT solutions which do not vary with
time (or only very slowly), for long periods or distances along turbulent flows it is found to be a good
approximation to the full non-linear problem and to experimental results (Hunt and Carruthers, 1990).

The statistics of the fluctuations in velocity u!'l(x,z,¢) just above the interface, even without any
local generation of turbulence, differ from those of #[>(x,7) the homogeneous turbulent velocity
field far above the interface, as y/Lx — oo. Firstly the difference is caused by the initial absence
of vorticity fluctuations in the region [F2]; this reduces velocity fluctuations in [F1]. But secondly,
since vortex lines cannot end, they are concentrated into sheets of fluctuating horizontal vorticity at
the interface which increases the components of the induced velocity field parallel to the interface.

It is not clear whether the latter effect can compensate for the former reduction. To explore this
question about the internal inhomogeneity within the turbulent region [F1], the RDT approximation
can be used, (for r<71). Over this time scale the vorticity above the interface (y > 0) is not
distorted so that the velocity field #!'! above the interface is equal to the homogeneous field ul>!
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plus an irrotational field V¢!!! caused by the distortion of the vorticity outside this domain, i.e. at
the interface (y=0) and below it. Thus

for y >0, wl=ul>*l+ Ve, where VZ¢!'!=0. (2.19)

To determine ¢ and ¢! both the normal velocity and pressure fluctuation are continuous at y = 0.
This implies that the horizontal components of velocity # and @ may be discontinuous across the
plane y =0. For small time dependent perturbations the latter condition, in conjunction with conti-
nuity, implies that the normal derivative of v is also continuous (Goldstein, 1931). This enables the
amplitude function 4 in Eq. (2.18) to be determined in terms of the Fourier components of (>,
Calculations by Carruthers and Hunt (1986) (who were mainly concerned with stratification effects)
show that at y =0 the variance of the normal component is then about 25% of its value in the
homogeneous field and that there are discontinuities in the variances of the horizontal components;
above y=0 these components have a maximum about 12% greater than their homogeneous val-
ues; below they drop (as in Phillips’ (1955) calculation) to half the value of those of the normal
component). Recent conditional sampling of the velocity components at the fluctuating interface of
the direct numerical simulations of a turbulent wake by Bisset et al. (1998) are consistent with this
new finding, particularly the peaks in [F1] in the variances of the u and w components. In [F2]
they tend slowly to the results in Eq. (2.16). Descriptive models of the large eddy structure gives
a similar picture of the motions (Ferré et al., 1990). The interaction between the irrotational and
vertical fluctuations either side of the interface is modelled by Townsend (1976) as inviscid flow
over an elastic jelly; this may be a useful approximation for the time dependent non-linear aspects
of the interaction.

When the mean shear du/dy, with mean vorticity €2, is introduced into region [F2] at =0, it
causes a growth of vorticity fluctuations. Initially the leading term in the vorticity equation is linear,
so that at t=0,

do/dt = <Qa> u.
dz

Here u is initially irrotational, given by Eq. (2.16). So the usual leading term in linear calculations
(o - V)u is initially zero. The relative magnitudes of the velocity fluctuations induced by these
growing vorticity fluctuations are similar to those in any turbulent shear flow with the eventual
ordering of the magnitudes of the variances of the components being in the streamwise, tranverse
and normal directions respectively. Inhomogeneous, positive Reynolds shear stresses are generated
in region [F2] (i.e. (—uvdu/dy > 0), with the pressure fluctuations, as in homogeneous shear flows,
making a negative contribution. Because these pressure fluctuations have a finite length scale therefore
they induce a weak negative Reynolds stress in the unsheared region [F1]. The former effect was
measured by Gartshore et al. (1983), but the latter could not be studied because in these experiments
extra wake turbulence was generated at the interface.

Comparing the results in Sections 2.1 and 2.2 shows that not only does the flow configuration affect
the level and form of fluctuations across vortical layers, but it is also essential to consider the timing
and sequence in which the different components of the mean and turbulent flows are introduced or
generated. This can make all the difference as to whether the fluctuations are exclusive, as in shear
sheltering situations, or whether mean shear co-exists with external fluctuations and then slowly
interacts with it.
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The concepts presented here are also relevant to explaining, the interactions in both their linear,
and, by extension their non-linear aspects, between distinct and initially uncorrelated velocity fields
across an interface (e.g. Fernando and Hunt, 1997), and across thin transition layers (Veeravalli and
Warhaft, 1989).

2.3. Perturbations outside thin free shear layers

Consider a new flow configuration where the boundary [B] between the flow regions [F1] and
[F2] is still parallel to the mean velocity #= U". The region [F2] consists of a thin ‘free’ shear
layer, of thickness such that

h<L, (2.20)

where L is the length scale of the fluctuating velocity field #!>! introduced into [F1]. In this analysis
these are considered to deflect the layer by a displacement Y that may be large compared with
h, but in the linear theory is small compared with L. Across the layer there is a finite difference
in mean velocity AU and, there is an unbounded region below it, with constant mean velocity
u=UP=Ul" - AU. See Fig. 4.

Unlike the previous case the mean flow is now inviscidly unstable, so effectively the thickness 4 of
zone [B] must be finite. It is determined by local turbulent shear stresses generated at the interface.
However, the problem we address is to calculate the fluctuations in the region [F2] caused by external
fluctuations in region [F1] that are large compared to 4, using both the previous technique of matched
perturbation fields, and a different approach of analysing the dynamics of these vortical boundaries;
this gives more insight when there are large, unsteady non-linear distortions (e.g. Rottman et al.,
1987), or when the layers are three dimensional and entraining, and possibly detraining vorticity
(see Section 3.4).

If the layer is thin compared to the perturbation scale, but the amplitude of the velocity perturbation
uy is weak enough that

uy< (h/L)AU, (2.21)

then any normal deflections of the layer, Y, are small compared to 4. In that case the same analysis
may be used as in Section 2.2, which showed how at y=0 on [B], for a perturbation travelling at
speed ¢ the order of magnitude of the normal velocity is given by

VB~ UM — clug/UM i (UM — ¢ > up/UM, (2.22a)
or

VB~ /UM i (UMY — | <u UM, (2.22b)
Different matching conditions are needed if the condition (2.20) is satisfied, but not Eq. (2.21). The
interface fluctuations |Y| may be larger than 4, provided they satisfy

L>|Y|>h (2.23)

The same perturbation analysis and matching of the interface displacement and pressure has to be
used as in the well-known Kelvin—Helmholtz analysis (see Batchelor, 1967, Section 7.1).

In this case the finite displacements of the interface also deflect the mean velocity into the vertical
direction, which changes the fluctuating velocity either side of the interface. In the turbulence on the
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Fig. 4. (a) Free stream disturbance in [F1] travelling near a thin shear layer with a velocity ¢ relative to the average
velocity U® in the layer. (b) The degree of shear sheltering as defined by the rms vertical velocity fluctuation in [F2]
just below the shear layer, as a function of the ratio of the relative disturbance speed ¢ to the velocity jump AU. (c)
Schematic explanation of how a vortex sheet ‘blocks’ and ‘shelters’ the velocity induced by an eddy travelling at a relative
velocity ¢ through strengthening the vortex sheet or convergence points C,, C4 and reducing it at the divergence point Dy.

‘external’ side, the RDT approximation is used, for 1< 7t, to deduce that the fluctuating vorticity
field is unaffected by the interface fluctuations, so that the fluctuating velocity u'! is given by
Eq. (2.19), as in Section 2.2. Similarly in [F2] the velocity u?! is given by Eq. (2.16).
Consider the Fourier components of the two-dimensional fluctuating velocity field, having the form
u=({u}, {vH)(k, y)exp(iki(x — ct)), (2.24a)
where, far above the interface, this matches the external field /> which forces these perturbations.
Thus

as y/L — oo, ({u}M, {o}) — ({u}!>, {o}>D). (2.24b)

The same bracket notation { } is used for the Fourier components of other variables.



388 J.C.R. Hunt, P.A. Durbin/ Fluid Dynamics Research 24 (1999) 375-404

Matching the interface amplitude {Y} and pressure { p}(y=0) in this case leads to

— ik c{Y} = {v}V — ik, UMY} = {0} — ik, UP{Y}, (2.25a)

— ik {p} =ik (UM — e){u}" =ik (U™ — c){u}P. (2.25b)
Thence the solutions in regions [F1] and [F2] are

({3 {$}) = (B1, B-)exp(— ki |]) (2.26)

where
kB = (i(ki/[ks D{u}>C? + {o}>ICH/(CT + C2),
JB_ = (i(ky/[ka ) {u}!>! = {o}=IC, C_)(CT + C2),

where C.=(1/2)AU + ¢, and C_=(1/2)AU — ¢, =U" — ¢, where ¢, the relative speed of
the fluctuations relative to the average velocity U'! in the interface, i.e. ¢,=c — U, where
U =(1/2) (UM 4 U™"). Note that C_ and B_ are both zero if U, =c.

Thence the rms amplitude of the normal component of the fluctuations below the interface relative
to the homogeneous value is given by

@ ()] (5) a0l ) s
~ UM — /UM if UM — ¢|<|AU|, (2.27)

where the isotropy coefficient b = (|{u}**!]> + [{v}[>)|?)/(2u}). Note how these results are consistent
with Eq. (2.22) for a finite layer thickness, but small interface displacements.

The effect of shear sheltering in this case can also be explained in terms of distortion of the vortex
sheet, using similar arguments as those of Batchelor (1967, Section 7.1). Let the local strength of the
sheet, be defined in terms of the integral across the sheet of the z-component of total vorticity w3, as
y*(s,t)= [ w3 dn. The strength y*(s,¢) varies along the flow direction s and tends to increase with
time where the total streamwise velocity (averaged across the sheet) decreases, i.e. dul*”*/ds < 0, so
that the flow in the sheet converges and it thickens; y* decreases where du!>*/ds < 0. Kelvin’s the-
orem shows that the circulation around a line element (y*d/) is not changed in this two-dimensional
flow, so the equation for y* is

(0/0t 4+ ul™0/0syy* = — y*ouS* /os. (2.28a)

For small deflections, there are mean and fluctuating components of the streamwise velocity averaged
across the vortex sheet, and of the strength denoted, respectively, by

ulS* = B 81 where ulS! = (" + 1?2 (2.28b)

and

y*=I 47y, where = —AU. (2.28c)
Thence (2.28) becomes to leading order,

(8/0t + UB0/ox )y = — I'oul®ox. (2.28d)

In the Kelvin—Helholtz problem these fluctuations arise from the growing eigen solution, and not
from any imposed disturbance.
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In our problem we consider the distortion to y* starting at time ¢, where in Eq. (2.8d) u® is the
velocity induced by a vortical eddy with velocity #, and length L moving along a sheet with speed c.
It is convenient to use a coordinate frame moving with the mean velocity in the shear layer U],
so that |I'| =2U!. See Fig. 4(c).

The velocity field of the eddy induces points of convergence C, and Cy a distance of order L
upstream and downstream of the eddy, and of divergence D, on the centreline. At these points
at time ¢, y* begins to increase/decrease at a rate given by (2.28d) of order U!yy/L. By a time
t + At later, when the vortex has moved by a distance X = ¢ d¢, the vortex sheet at Cy and D, has
thickened, and thinned, so that the perturbation to the sheet strength 74 is of order 6t U"uy/L. Then
an upward perturbation velocity, Jv, is induced by this localised vortex with circulation y4. This can
‘block’ the downward velocity induced by the eddy at the interface, provided firstly that the induced
velocity, dv,, is comparable to ug, i.e. if 6z UMuy/L ~ uy, and secondly that this induced velocity is
induced at the right place and scale in relation to the velocity of the eddy, i.e. if 6X ~ L. These
two conditions for blocking in [F1] and shear sheltering in [F2] are satisfied if 6z UMug/0X ~ uy or
ot UM /c ot ~ 1, whence ¢ ~ U,

It is also clear that if the eddy moved very slowly relative to the flow i.e. c UM, the velocity
induced by the distortion of the sheet at C,, C4 and D, would not block the velocity induced by
the vortex at y =0, and the flow in [F2] would not be sheltered.

The overall effects on the flow of these interactions can be further explored by calculating the
changes to the integrals of the momentum, or ‘partial impulses’, of the fluid above and below
the plane of the vortex sheet. Consider a two- or three-dimensional vortical eddy with characteristic
length scale L and internal velocity u,, moving at a horizontal speed ¢ and vertical velocity v!>°! ~ u,
near a strong vortex sheet, such that

uyL|I''=AU at y=0. (2.29)
We have seen that the vortex sheet can block the vertical momentum of nearby vortical eddies. In
that case, since it is not a rigid surface, the perturbed vortex sheet should have an upward momentum

or impulse 71*) related to that of the eddy (but not equal, as the analysis shows). This can be proved
by calculating /'8! in terms of the vorticity @!S! within the volume V! occupied by the sheet, viz:

IB'=(1/(N — 1)) / (X A oB(%)dz, (2.30a)

where N is the number of dimensions of the flow (either 2 or 3) (see Saffman, 1992; Batchelor,
1967). Since the sheet is very thin 3! can be expressed as the product of a delta function and the
strength y* of the sheet, which, in three dimensions, is a vector.

We focus on the case where the sheet ‘blocks’ the eddy, so that it has a small vertical deflection.
Thence

o™ =(x, y,1)3(y = ). (2.30b)
For a three-dimensional eddy, Eq. (2.28d) for the perturbations to the strength of the sheet has two
components. Writing them in a frame of reference moving at the mean velocity in the sheet, U],
they are

0/0t(yx,y2) = I'3(0u™ 0z, —oul™ jox), (2.31)

where the mean strength is ;= — AU. When the sheet ‘blocks’ the turbulence and shelters
region [F2], the velocity fluctuations in the sheet are determined by the velocity in [F1], i.e.
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ulS = (1/2)ul)(y = 0). But if the sheet is exactly ‘blocking’ the imposed velocity field #[>), the sheet
effectively adds the symmetric field of an image eddy below the interface. Therefore ul'l(y =0)=
2u!*°l(y =0). Because the solution to Eq. (2.31) is ‘forced’ by the perturbation velocity u!l>!(x,t,z),
it also is translated with the eddy speed ¢, so that 0y/0t= — ¢,0y/0x. It can now be expressed
in terms of the undisturbed eddy velocity field u[*! on (y=0). Note that outside the vortical re-
gion of the eddy (see Fig. 4(c)) is an irrotational field, because the eddy is assumed to be above
the interface. Thus near y =0, the perturbation velocity, is ul®!, wl*°l = d¢l>°1/ox, d¢!>°!/dz. Thence
oulS 0z = owt>l /ox, and oulS!/dx = dul>!/0x. Collecting these results leads to the perturbations in the
vortex sheet of

(7, 7:) = (AU/e, )(W, —ul*Ny(x — ct, y=0, 2). (2.32)

Thence the vertical impulse produced by the sheet for a two and three-dimensional eddy, respectively,
are

IZ[S]:(AU/cr)</O:O P>(x, y=0)dx, /Z /Z ¢>[°°l(x,y:o,z)dxdz>, (2.33)

noting that the contribution in the three-dimensional case from the perturbed vorticity in the stream-
wise direction is equal to that produced by that in the spanwise direction. Hence the coefficient is
the same for both cases.

By now calculating the change in the impulse when the vortex sheet is introduced, leads to the
appropriate value of ¢ to be consistent with the assumption of an undisturbed sheet, that blocks the
eddy. Initially, a two-dimensional ‘compact’ eddy, which is moving vertically with velocity v!°°!, has
a vertical component of impulse 71>, For the eddy to be blocked, the sheet must exert an impulse
1% This must be equal to the sum of the deficit of the eddy’s impulse in region [F2] and the
impulse of the velocity field above y =0 of the image eddy located below y = 0. For an eddy far
above the interface, which is assumed in this linear analysis, it follows that

M= — 2>, (2.34)

We note that for a two dimensional eddy, or vortical disturbance, located above y =0, its impulse
can be expressed in terms of its potential on y=0, so that [} = [ ¢>)(x, y=0)dx. Therefore
Eq. (2.34) is satisfied and the vortex sheet can block the eddy if AU/c,=2 or ¢= U, which
is consistent with Eqgs. (2.22) and (2.27). For a three-dimensional eddy far above the sheet and
moving towards it, whose velocity field is similar to that of a sphere, the reverse impulse provided
by the sheet has to be 371! (for an explanation of how ‘blocking’ changes the upward and down-
ward displacements of material surfaces see Eames et al. (1996). This condition is consistent with
Eq. (2.33) if, also, ¢ = U, We note that if the eddy is close to the sheet the impulse calculation is
incorrect, and the effectiveness of blocking and shear sheltering is reduced, even if the eddy moves
with the stream speed.

The blocking effect of a vortex sheet on irrotational fluctuations is a well known phenomenon in
aero-acoustics (e.g. Ffowcs-Williams and Purshouse 1981), but has not been applied more generally
in fluid flows, nor to turbulent flows. A remarkable geophysical example of these effects has been
studied numerically by Zehnder et al. (1998). They have shown how the damaging vortex motions
of tropical cyclones, when they are generated off the mountains of southern Mexico, are ‘blocked’
and strengthen as they move towards the intense shear layer of the inter-tropical convergence zone.
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The blocking of external eddies by the shear layer, may amplify the interaction with the naturally
growing disturbances in the shear layer. As the shear layer thickness /4 grows, it means that the
blocking/sheltering mechanism is only relevant for external eddies, that are larger than 4. This is
consistent with the observations that when large scale turbulent eddies impinge onto bluff bodies
and interact with the free shear layer of the wake, on the one hand, they can amplify the vor-
tex shedding, but on the other hand they do not induce significant fluctuations within the wake
(e.g. Britter et al., 1979).

These mechanisms may also explain some laboratory measurements, as well as field observations
that in atmospheric turbulent boundary layers, below the level of the roughness elements (e.g. trees,
or buildings), where there is a strong free shear layer, the turbulence is effectively sheltered from
the low frequency and large scale fluctuations above this level. There is a corresponding blocking
effect of large eddies above the lower sheltered layer which is consistent with the observation that
the boundary layer above the roughness elements is displaced by a height, d, about equal to the
height of the free shear layer (e.g. Jackson, 1981; Rotach, 1993).

3. Large scale distortions of finite sized vortical regions
3.1. Defining the problems

We consider here ‘compact’ vortical regions, [F2] in our notation, with characterisitic vorticity
2y confined within a finite length 4, and immersed within an external region, [F1], in which there
are large scale straining motions #'!! superimposed on a mean flow with the same average velocity
U, (to first order) as that of the vortical regions. The spatial variations over distances of order L
of the external velocity fields, #!! (x,7) are typically of order AU,.. In general, L is at least as
large as 4. Because of their large scales the external motions change slowly compared with the time
scale T/ of the vortical flows in [F2]. If they are not in an overall state of equilibrium (which
may be statistical if the flow is turbulent) T L(z) is usually determined by the internal instabilities
and by the non-linear evolution of the vorticity in [F2] and is of the order @, (e.g. Versicco et al.,
1995; Kevlahan and Hunt, 1997). The typical strain rate of the external flows is AU, /L. Because
of the slow time variations in [F1] there are significant variations in pressure p!!! which are of order
AU, U,. By contrast in Section 2 external disturbances were advected by the background flow
leading to p!! being zero, to first order, and to the occurrence of shear sheltering in [F2].

These large scale straining motions also influence the overall structure of the vortical flows in
[F2] by vorticity deformation mechanisms, which differ in some respects from those considered in
Section 2. In particular, the interactions can now be analysed in the steady state, and consideration
of the external pressure variations may not provide much guidance.

Except in Section 3.4, we focus on relatively weak inviscid external (EI) interactions (for ¢ > #)
either side of the mean boundary [B] across which no vorticity is transported.

In the analysis of Section 3.2 we first consider how two-dimensional (or axisymmetric non-rotating)
vortical flows in [F2] interact with external flows that are coplanar. In order to calculate these
interactions explicitly and to understand how they apply to the typically complex internal struc-
ture of vortical eddies (such as are found on all scales of high Reynolds number, turbulent and
non-turbulent flow), we assume that the vorticity in [F2] is distributed in thin layers (see Pullin and
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Saffman, 1998; Kevlahan and Farge, 1997). In two-dimensional interactions the vorticity component
w, in the z-direction cannot be amplified or reorientated, but its distribution is changed, as in the
two-dimensional examples considered in Sections 2.1 and 2.3.

When the straining motions of the external and vortical flows are not coplanar, the direction and
amplitude of vorticity in [F2] is changed, and the interactions are more complex. Even so, it appears
in Section 3.3 that the flow in [F2] may still be sheltered from the effects of the external strain
where the vorticity is distributed in these layers, but not if it is continuously distributed.

The effects of finite amplitude interactions, inhomogeneity of vorticity in [F2] and large distortions
of the interface are considered in Section 3.4, together with some mention of how the small scale
viscous diffusions of vorticity may also affect transport on a larger scale.

3.2. Coplanar external flows and vorticity redistribution

Consider a steady unidirectional external steady flow in region [F1], defined as y < 0, with velocity
field (u"Fo1)(x, y), that is parallel to the interface [B] y =0, so that v!!/(x, y=0)=0. The external
streamwise velocity changes along this line by a factor 4], so that ul(x, y=0)= U(x), where
Ux=0)=U,, and A(T) =U/U,. Let Ag =1 —i—af), where af)(x) varies on a scale L. Because of changes
to the flow [F2], the velocity field in [F1] is also slightly perturbed by O(eal), where the small
parameter ¢ is determined after the leading order terms have been calculated.

In [F2], the initial profile of the streamwise velocity on the line x =0, ul?!(y), is a parallel set of
vortex sheets of strength G, (=g¢,U,) separated by layers of depth %, (n<N), located at

N
Vin—1)= YN — th where yy =0 and y, <0, (3.1)
so that
N
uP(x=0,y)=U, (1 - {Z(gk(x:O)H(y - y(k—l)))}) . (3.2)

Here, following the usual definition for the step function, H(y)=1,0 for y > 0, y < 0, respectively.
As the external flow accelerates/decelerates, these vortex sheets vary in strength so that g,(x) =4,(x)
g.(x=0). The depths of the layers between the sheets also vary. Let the characteristic value of g,
be g. (which may be positive or negative). For a simple demonstration of the sheltering effect, we
assume that the vortex sheets are weak and that the change in the external flow is small, so that

N

> g

1

a$<<1 and = Ngoy<1, where we assume |a(T)| > go and |g, — ¢.—1|<]9,|- (3.3)

As in Eq. (2.28a) we consider how line elements d/(x) are extended by the total velocity u*5!(x)
on each sheet, so that

9n(x)/g,(0) = d1(0)/d1(x) = u(0)/uPI(x), (3.4)



J.C.R. Hunt, P.A. Durbin/ Fluid Dynamics Research 24 (1999) 375-404 393

(@) (®

IN
Y=Y,

u ()

Fig. 5. Interaction between a steady perturbation #!'"! in the external flow [F1] and a shear flow in [F2] consisting of
vortex sheets. (a) Initial profiles for wake-like (W) (go > 0) and jet-like (J) (go < 0) shear flows and (b) amplification
or reduction in the shear according to the initial profile.

whence from Eq. (3.2), for

NN — 1, Ay(x)= (1 - (ng+(1/2)g,,>> / ((1+a§)— (ZAkgk+<1/2)Angn>>.
(3.5)

Therefore the change in the strength of the outer vortex sheet (n=~N) is
3
av= = a} (1450~ a}). (3.6a)

while the changes in the strengths of the inner sheets are (to leading order) defined by the difference
equation

1
An - An—l =a, —ap1= — apgy + E(an—lgn—] - angn) - aO(gn - gn—l)- (36b)

Thus the variation of the amplification of the vortex sheets a(y) with distance (—y) from the
interface is given asymptotically by

la(y) — af| ~ af exp(go(| y|/h)), (3.7)

assuming go ~ (gu—1 — gn)-

The form of this result is quite different depending on the sign of g,. Eq. (3.6a) shows that as the
external flow speeds up, the strength of the first vortex sheet, i.e. |gy|, is reduced. But if g, > 0 (as
in Fig. 5(b)) it means that the acceleration in the next layer (where yy > y > yy_;) is less than in
the external flow and therefore the strength of the next vortex sheet, i.e. |gy_;| decreases less than
the first. For small g, there is an exponential increase in the difference between amplification at [B]
and its value as |y| increases in the interior. On the other hand if gy < 0 (i.e. the shear layer is like
a jet), the amplification diminishes rapidly. This result can also be obtained quite simply from the
solution in Section 2.1 for perturbations to a thin shear layer. In this case there is a linear first order
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change in the pressure in [F1], namely

P, y=0) = p1(0,0)= — 4 U; (3.8)
so that from Egs. (2.7) and (2.9), for a slow varying profile in [F2],
?(x, y) — uP(0) = a(y)u?(0, y) = afUs (0, y). (3.9)

Thus if the initial velocity profile in [F2], u!?/(0, y), decreases from [B] as |y| increases (as in a
boundary layer) then a(y) increases, as |y| increases. On the other hand, if u!* (x=0,y) rapidly
increases, as with a jet, the effect of the external large scale perturbation decreases in proportion to
Uy U,

This conclusion is quite consistent with the observation that wakes are very sensitive to low
amplitude large scale external straining and turbulences (Risso, private communication, 1995) but
jets and plumes are much less so (Ching et al., 1995).

We now consider two other characteristic features of ‘compact’ vortical regions [F2]. Firstly
they have curved boundaries, along which the external straining motions vary in strength and even
direction. Secondly they usually go through a phase in their ‘life cycle’ when their boundaries are
open, for example when vortices in shear layers grow by ‘rolling up’. In this phase streamlines
enter into the interior of [F2], entraining fluid with small vorticity, and other fluid properties of the
external region [F1]. As a result the vorticity distribution in [F2] tends to be highly non-uniform,
and also the interface [B] has to be specially defined; for example as a contour where the vorticity
has a magnitude characteristic of the region as a whole (see Townsend, 1976).

In order to study the interactions between external straining and a vortical region with such a
typically complex structure, it is useful to idealise its structure as a set of concentric rings of radius
R, having a high level of vorticity whose integral (or sheet strength) is y;. These surround an inner
vortex core (Kevlahan and Farge, 1997). The external strain is a weak stagnation flow with velocity
U, varying over a large length scale L (> R); thus its strain rate is S ~ U,/L, where SR < y;. See
Fig. 6(b).

The same order of magnitude analysis of Batchelor, as used in Section 2.3, for the response of
a vortex sheet to coplanar straining motions, can be applied to this problem. When the strain is
applied, the surface velocity u*8 diverges (i.e. du*S!/ds > 0) at A",4~, and therefore the local
sheet strength y* decreases, at a rate Sy;. Correspondingly it increases at the same rate at B",B~.
But, in this flow unlike that in Section 2.3, these perturbations in the vortex strength are advected
by the mean velocity in the concentric vortex over a time Af by a distance of order (1/2)y;At
to points denoted by A", 4= B ,B~". The vertical and horizontal velocity components induced on
the axes of the ring at 4™ etc., by the displaced vorticity perturbations, are of order Sy;A¢. These
are approximately equal to those of the imposed external velocity (~ SR), provided that firstly the
points A, etc. are located near the 45° symmetry points, i.e. (1/2)y:At ~ R, and secondly that the
induced velocity is large enough that Sy; At ~ SR. Clearly both conditions are satisfied if At ~ R/y;.
This shows why, as the outer vortex rotates, it is being strained and distorted at just the correct rate
to shelter the inner vortex ring, or the inner ‘arms’ of a spiral, as the numerical computations of
Kevlahan and Farge (1997) nicely demonstrate.

This assumes that there is sufficient separation between the outer and inner vortex rings, because
otherwise the velocity induced by the distortion of the outer vortex will distort the inner vortices,
and the sheltering would be reduced.



J.C.R. Hunt, P.A. Durbin/ Fluid Dynamics Research 24 (1999) 375-404 395

(b)

Fig. 6. Interaction between [F1] and [F2] when the boundary interface is curved. (a) Rolling up shear layers and [B] is
an open surface; (b) approximation to (a) with the shear layers idealised as vortex rings (following Kevlahan and Farge,
1997).

3.3. Three-dimensional vortical interactions with swirl

Within most compact vortical regions in three-dimensional flows, the vorticity field w is twisted
and non-uniform. For example in an elongated laminar or turbulent vortex, with a flow parallel to
its axis, and varying slowly along it, the vorticity has three components @ = (w;, wg, ®,), which
in the most rapidly developing stage of the vortex is localised on vortex sheets that are rolling
up concentrically. Here the radial component w, is proportional to the weak radial velocity and a
slow change in cross sectional area (e.g. Lundgren, 1982). For this case, and for three-dimensional
vortices in general, the vorticity in [F2] also induces an external irrotational flow field in [F1], over
a distance of the order of the length scale of [F2], namely /4. These self-induced straining motions
span the regions [F1] and [F2], but only ‘react’ back on the vorticity when it is in a developing
stage, and not when it is close to a steady state.
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Fig. 7. (a) Schematic diagram of vortex sheets with external strains, idealised as in Fig. 6. Note how the external flow
only penetrates a distance /s, as a result of the vorticity being strained in axial and azimuthal directions. (b) Typical axial
and azimuthal velocity perturbations showing shear sheltering below a depth /.

So the key question in complex flows concerns how any additional or imposed external strains
in [F1] distort the vorticity in [F2]. We examine here the new aspects of these interactions when
the external and vortical flows are not co-planar, the boundaries are curved and the vorticity in
[F2] is non-uniform. We consider, as an example, the perturbations #(x) in both regions caused by
introducing into the external region [F1], where there is a uniform stream with velocity W,, a weak
steady axisymmetric converging flow, with characteristic velocity AW, over a length L (see Fig. 7).
(This might be induced by a pair of vortex rings some distance from the interface [B].) The initial
flow in [F2], U(x), is induced by N concentric vortex sheets, with strength I'™ (N > n > 1). The
radius of this vortical region is R; L is the length scale of the velocity field in [F1].

Thus the total velocity is given by

w(x)=U(x)+ u(x). (3.8a)

In cylindrical coordinates (r,0,z), the velocity components are denoted by tildes, i.e. (i, 0,w). Thus
n [F1], for r > R, U(x)=(0,(R/r)Vy, Wy)

for R>r>r, Ux)=(0, 720, W) (3.8b)
where
7=7"0r=R), 7= TOW/rHF - r). (3.8¢)

1

The spacing between the sheets is /4,, which are located at r, =R — Zf,vﬂ hy, for n < N.
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As an illustrative example, the external straining motion is taken to have the form
™) = (i, 0,°7)(r, 2), (3.92)
where
Wil = (z/L)AW,, (3.9b)

and by continuity,

iy = — (l/r)/r(AWO/L)(rT)dr*. (3.9¢)
Rss

Note that at this stage we do not know the lower limit of integration Ry (=R — Z), which is the
effective ‘blocking’ radius of the vortex within which the perturbation flow is sheltered by the shear
from the external strain. Thence from Eq. (3.9¢) the radial velocity at the outer boundary of the
vortex # (r =R) is of order —/ ,AW,/L.

For this axisymmetric flow the two components of the perturbation, Y™, of the strength of the
outer vortex sheet are given (to leading order) by

[N] [ Aypls] 5 8] "

Woag ) 62’ + ag ] — @™ (u) (r=R), (3.10a)
z | 0z r r
[N] [ A~

W, 079 _ ) a0 (r=R). (3.10b)
0z I 0z

Note that Eq. (3.10a) is consistent with the constancy of the flux of axial vorticity in the vortex
sheet 2mro(r,z), and with Eq. (2.31), which showed that any straining motion parallel to the vorticity
of a plane-sheet (where R — c0) does not change its strength.

It follows from Eq. (3.10a) that the negative radial velocity component # at the outer radius R
causes the swirl velocity component just inside the vortex sheet to increase by

B — (;/0) o <i) AWy /R. (3.11)

From Eq. (3.10b) it follows also that an azimuthal component of vorticity is generated, which leads
to a reduction of the axial velocity perturbation from its value w!!! ( =R) in the external flow [F1]
just outside the vortex, so that in [F2]

™) /05 T2 A
Wz (5”>N ls AW (3.12a)

S0 SR ey ov
O =W r=R) =7 W, \oz W2LR

Because of this reduction in w* and therefore dw"/dz within the first layer of the vortex spiral, at
the position of the next sheet, firstly the radial velocity & (r =R — i/N) is reduced correspondingly,
following Eq. (3.9¢), and secondly, from Eq. (3.10a), the stretching of I', is reduced. This sequence
continues for a finite number N of sheets at decreasing radial positions, until at » =R — 7, where
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Ngs ~ £/h, the reduction in W is equal to the perturbation produced by the external flow, i.e.
N
> ~ wll(r=R) ~ zAW,/L. (3.12b)

N —Ngs

Thence from Eq. (3.12a) the shear-sheltering depth is given approximately by
/4
lis/R ~ (h/R) /(') W, M/Rh(%), 3.13
/R ~ (h/R)""/(I'/Wy) /V0 (3.13)

where the maximum swirl velocity Vo ~ NI' ~ (R/h)I" where I' is a characteristic value of I'®. This
depth is, as in the previous analysis, independent of the external strain, when it is small. Note how
the mechanism also can operate when the external disturbance velocity field is not coplanar, pro-
vided the interface is curved. However as the thickness of the layers between the sheets decreases
the sheltering depth increases (for given ratio of the swirl to axial velocities). This is consistent
with the well known result that sheltering does not operate when the vorticity is continuous, be-
cause then waves are generated within [F2] which propagate into the interior from the interface
(Batchelor, 1967; Marshall, 1997). This is analogous to the change from the trapping to the prop-
agation of internal waves in stratified flow when multiple inversion layers are close enough that
they approximate to a continuous stratification, and the ‘evanascent’ decrease between the layers is
negligible.

Previous studies of rolled up vortex sheets in straining flows have been focussed on their early
development, when the external perturbation velocity W, over the length L of the vortex is com-
parable with the strength of the vortex sheet I' (Lundgren, 1982), so that the external straining
is unaffected by the presence of the vortex sheets. The discussion here suggests that this may not
be an appropriate assumption for the next stage when the vorticity has been amplified to the ex-
tent that the swirl velocity V, exceeds the axial velocity W,. This would be consistent with the
remarkable robustness, in the presence of arbitrary large scale straining motions, of the structure
of small scale turbulence, which is normally attributed simply to its higher intensity rather than
to any structural property (cf. Hunt and Vassilicos, 1993; Terry et al., 1992). Of course, in the
final stages of existence of such vortices, when the vorticity has diffused throughout the vorti-
cal region, then again the external strain acts throughout this region and there is no sheltering
(e.g. Moffat et al., 1995).

3.4. Large displacements and diffusion of vorticity

In our previous analysis it was assumed that across the bounding interface [B] between the external
region [F1] and the vortical region [F2], the vorticity !?! in the latter decreases abruptly to a much
lower level in [F1]. However, in many vortical regions there is a gradual decrease in the magnitude
of o from its characteristic value w¢ in the core to a significantly lower value wg near the interface
[B], which is comparable with or smaller than the strain rate in the external region [F1]. Using the
results of Dritschel and Legras (1993) we analyse here the mechanisms for how in these flows
external perturbations in [F1] cause large distortions and displacements of the interface [B] over
distances of order A, the length scale of [F2]. They also cause changes to the vorticity field in [F2]
that are large in the outer part, and small though significant in the core. Such interactions, involving
a different type of inhomogeneity in [F2], play a critical role in the formation and persistence of
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@

Fig. 8. Schematic diagram of the mechanism for how external straining motion in [F1] removes, by ‘vortex stripping’,
the low vorticity fluid in the outer boundary part [F2g] of the vortical region, while the inner core [F2c] is only slightly
distorted. (a) Showing the vortex sheets surrounding [F2] when the straining motion is initiated, and the convergence
points X, where viscous diffusive levels tends to detrainment of vorticity from [F2g] and (b) shows the displacements of
[F2g] and [F2c].

large scale vortical motions in the atmosphere and oceans, and in the structure of shear flows with
high levels of external turbulence.

We consider the interaction between a compact vortical region and a coplanar straining motion
U(x) in the external region [F1], having a length scale L that is large compared with 4, and
characteristic strain rate Up/L. See Fig. 8. We make the following assumptions for simplicity; in the
core part of [F2], whose length scale is /¢ (<h) and is denoted by [F2c¢], the initial vorticity is
assumed to be much greater than the external strain rate, so that wc > Uy/L, and in the much larger
outer boundary part of the region, [F2g], the initial vorticity is much smaller and of order wg where
wg < Uy/L. Note that the velocity here induced by the vorticity in [F2.] is of order wch?/hc. Since
hc < h, this velocity is smaller than the external velocity ~ Uy(h/L). The interfaces between the core
and outer parts of [F2], and between the outer part of [F2] and [F1] are denoted by [Bc] and [B].
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The evolution of this flow can be analysed by inviscid vortex dynamics following GI Taylor (see
Batchelor, 1967, p. 524) and the theoretical and experimental methods of Rottman et al. (1987).

Imagine that the boundary [B] is rigid up to the time ¢ =0 (which leads to a distortion to U(x))
and then dissolved (or consider the flow to be generated by a rapidly growing instability); then a
vortex sheet is generated around [B], where x = x5!, whose strength y*(x[5!) varies corresponding to
the differences between the initial smaller velocity u/?! on the inside and the larger velocity U(x!S))
on the outside. This vorticity distribution induces the fluid in the interface to move at approximately
JU(xP, 1). 1t affects the velocity field U (x,¢) everywhere outside the interface, which now undergoes
a large distortion as it follows the direction of the streamlines of the flow in [F1], but does not
travel at the same speed. (This is analogous to how, when a cylinder of fluid is suddenly introduced
into a cross flow, it distorts itself into a vortex pair and moves downstream at about half the speed
of the flow.)

The form of [B] as it moves depends on the relative strengths in the outer part of [F2] of the
strain rates induced by the external flow and the core vorticity, indicated by the parameter

2o = (Us/L)(ch/hc)

If Xy > 1 much of the fluid and the vorticity in [F2,] is swept away in two vortices, leaving a trail
behind them back to the core vortex. But if Xy < 1, the fluid and outer vorticity is carried round
the core vortex in the form of an elliptical ring. In the latter case, where the core vortex is stronger,
the ring can provide some partial sheltering, as explained in Section 3.2.

Note that, although the core vortex is strong enough that its radius is only slightly deformed,
by ~hZX, it is rotated by a finite angle until it reaches a position of equilibrium where it induces
a velocity field that is opposite to that of the strain field. This simple example demonstrates how
weaker vorticity can be ‘stripped’ from the outer region of a vortical region by an external straining
flow, Legras and Dritschel (1993) have quantified this process for different types of rotational and
irrotational straining motion, and shapes, and orientations of the vortical regions. They find results
that are consistent with observations of the changing shape of the polar vortex and its accompanying
‘ozone hole’.

The effect of finite amplitude external perturbations ‘stripping’ away the weak vorticity at the outer
edge of shear layers has been demonstrated in two earlier laboratory studies. Hancock and Bradshaw
(1989) measured the interactions between large-scale free stream turbulence with rms velocity u,
and length scale L, and the, outer part (or ‘wake’) of a turbulent boundary layer, whose depth is 4.
Where the vorticity is wg their results show that when wuy/L, > wg ~ u*/h (or uy > u* where u* is
the friction velocity or rms turbulence in the boundary layer) the mean vorticity wgp in the outer
part is stripped away and the thickness, and structure, of the boundary layer is reduced to that of
the higher shear logarithmic region. Thomas and Simpson (1985) obtained similar results when they
measured how the outer shear region of a gravity-current was stripped away by external turbulence
when u/L > wg. The model problem also shows how when vorticity is ‘shed’ from the boundary of
a vortical region, it tends to develop into coherent patches of vorticity, as occurs with jets in cross
flows (where the flows in the two regions are not coplanar (Coelho and Hunt, 1989)). These may
have significant dynamical effects back on the region [F2] it ‘left behind’ and may transport matter
and heat away from [F2].

In real, rather than model, complex flows the vortical regions have finite gradients of vorticity,
evolve on finite time scales, and at their interface with the external flow viscous diffusion of vorticity
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is part of the process of detrainment, or shedding of vorticity. We have considered the first two of
these idealisations; what about the third?

Vorticity tends to diffuse from a fluid interface around ‘convergence’ points, denoted by X, in
Fig. 8(b), where the flow parallel to the surface converges, i.e. (in two dimensions) du*18!/ds < 0,
and streamlines move into the exterior region [F1] from near the surface. Once a vortical region
[F2] has developed into a steady form, if it is located in a unidirectional external flow U, the
vorticity that diffuses from near X, can be advected away from [B]. Because of the converging flow,
this detrained vorticity tends to be confined to ‘wakes’ whose width is small compared with 4, as
is observed below rising vortex rings (Turner, 1973). Therefore in such a flow over most of the
exterior side of the interface [B] there is little shed vorticity, so that the large scale interactions and
the dynamics determining the response of [F2] to external perturbations is essentially inviscid, as
we have assumed. In support of this hypothesis, one notes that in the above example of a deformed
vortical region, the detrainment of vorticity by unsteady vortex induced motions is very similar to
that produced in a slowly changing flow with viscous diffusion, as is also found in many other flows
(e.g. Batchelor, 1967).

The accuracy of the inviscid approximation to these problems in vortex dynamics is even greater if
the layer is stretching and rolling up as a result of its own instability and any external perturbations.
Since, as explained in Section 2.3 and Batchelor (1967), the rolling up occurs at points X, where the
sheet strength is increased, these potential points of maximum detrainment are also regions where
the revolving flow tends to re-entrain any vorticity that escapes (see Hussain and Clark, 1981).

4. Concluding remarks

One of the main uses of research in fluid mechanics is to develop general concepts of value to
those working on practical problems and those applying this research in other scientific disciplines.
Sometimes these applicable concepts may be little more than labels for a similar group of phenomena,
but they are most useful when they include an explanation or mechanism, preferably in familiar terms
— the Poincare criterion for a good theory. In this review we have noted that the new questions being
asked about many flows of fundamental and practical interest are about the interactions between quite
different types of vortical flow structure in adjacent regions, and their sensitivity to variations in initial
and boundary conditions. We have shown how in some conditions the two interacting velocity fields
can mutually exclude each other across the interface; then, as the conditions vary, the interactions
may change markedly so that one of the velocity fields becomes dominant alternatively the two
fields may resonate with each other and perhaps cause extra turbulence at the interface.

The understanding and modelling of complex flows is often helped by relating them to idealised
flow situations, such as those considered here, and then analysing them with the familiar concepts
of vorticity dynamics, especially those of vortex sheets. In high Reynolds number flows the role of
viscosity is essential for enabling vorticity to diffuse across the interface between regions because
this can change the large scale velocity field; however the global effects of this vorticity diffusion
can be significant even though the diffusion process is quite localised near convergence points on
the interfaces.

Metaphorical terms are useful for describing and classifying some of the striking effects in these
situations, such as blocking, shear sheltering and vortex stripping. They may be useful for suggesting
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hypotheses to motivate new studies, or as a useful checklist of phenomena which any given model
should describe. It is notable that several models for engineering and environmental flows which
currently do not describe these phenomena well.
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