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Figure 8. Balance of terms in the frazil governing equation in the thin layer (z = I ) over the
first two days of simulation. Note the different scales used in different sections of the abcissa.
Initial frazil growth is overtaken by transport terms before precipitation switches to its laminar
mode after approximately one hour and the quasi-steady balance forms after one day.

in response to the initial supercooling. This frazil forms a narrow layer immediately
beneath the ice shelf, where the maximum supercooling is located and buoyant rising
of crystals increases the in situ population. The ice formation releases latent heat that
tends to quench the supercooling, although the entire upper half of the plume is still
marginally supercooled after the first two hours of simulation. The initial ice volume
is melted in the lower half of the plume, cooling it very slightly from its initially
superheated state.

For the rest of the first two days of simulation there is a transition from this initial
growth to a balanced state in which the majority of the plume is devoid of frazil; the
end of this transitional phase marks the onset of the quasi-steady state (figure 7b).
Throughout this period, frazil growth decreases and the importance of transport
terms increases, as demonstrated by the relative magnitude of terms in the frazil
governing equation in the thin layer at z = I (see figure 8 and (2.23)). The total ice
concentration and stability at the top of the plume both increase until Ri exceeds its
critical value (after approximately one hour) and subsequently precipitation reverts
to its full laminar mode, suppressing any further increase in ice concentration. Closer
examination reveals that the early influence of increasing frazil concentrations upon
viscosity (and thereby shear) is responsible for most of the rise in Ri , but Ri actually
takes the rest of the first day to attain a constant value as frazil rising continues
to steepen the concentration gradient at the upper boundary and thus increase
the stability there (figure 7b). During this time the frazil growth becomes almost
completely suppressed as the supercooling diminishes.

The quasi-steady state, which persists from day two onwards, is a period in which
the frazil population maintains a vertical equilibrium and virtually all of the domain
is warmer than the local freezing temperature. With a progressively narrower area of
supercooling remaining near the ice shelf (figure 9), a situation is reached where the
downwards diffusion and constant precipitation of ice out of the domain balance the
rising of frazil and a small ice growth in the very top of the plume (figure 10). Since
Ri is constant by this stage, precipitation of frazil ice remains steady throughout
this period. The heat released by the initial growth of frazil continues to diffuse
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Figure 9. Plume temperature over the first 25 days of simulation, with surfaces corresponding
to the initial and freezing temperatures also plotted. The entire top half of the plume is initially
supercooled, but frazil formation subsequently confines the supercooling to an upper region
that becomes progressively narrower until the whole plume is superheated.
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Figure 10. Vertical balance of terms in the frazil governing equation in the top 10 m of the
plume after two days of simulation. This illustrates the balance referred to as the quasi-steady
state, in which diffusion and precipitation offset rising and growth.

downwards and the supercooled region at the top of the plume slowly disappears
owing to the small near-shelf frazil growth (figure 9).

The size distribution of frazil crystals throughout the top half of the domain initially
evolves in the same way as observed in the well-mixed case, with the significant radius
increasing over the first two hours as the overall population grows (figure 11). These
crystals rise toward the ice shelf, so the local population decays when growth starts to
recede, with significant radius rs decreasing in the process because the larger crystals
rise preferentially. Conversely, at the very top of the plume this rising increases local
frazil concentrations and the significant radius. C(I ) and rs(I ) remain absolutely
constant in the quasi-steady state, since the precipitation formulation for laminar
conditions (2.30) ensures that the concentration in each size class at z = I is fixed.



120 P. R. Holland and D. L. Feltham

1

2

3

4

15 min

1 h

2 h

0.5
r (mm)

C
 (

×1
0–5

)

1.00

–
2 h1

Figure 11. Distribution of frazil crystals at z = 45 m at various times during the first two
hours of simulation. The significant radius and total frazil volume increase as the supercooling
is taken up by frazil growth.

Simulation rs(I ) (mm) C(I ) p′ (m year−1)

Reference 0.5 3.06 × 10−4 −1.05
νT = 10−4 m2 s−1 0.4 2.59 × 10−4 −4.76
νT = 10−2 m2 s−1 0.6 1.95 × 10−5 −0.68
Low speed 0.5 2.18 × 10−4 −0.89
High speed 0.4 9.22 × 10−4 −110.16
Cd = 1.5 × 10−4 0.5 2.13 × 10−4 −0.88
Cd = 1.5 × 10−2 0.5 7.71 × 10−4 −91.03
Nu = 0.2 0.4 2.68 × 10−4 −0.895
SJ initial conditions 0.5 4.98 × 10−4 −3.03

Table 1. The effect of varying selected model parameters. All quantities are evaluated after
one day of simulation, when all simulations have achieved their quasi-steady state apart from
the νT = 10−2 m2 s−1 case, in which Ri never exceeds its critical value.

The final steady state occurs at a much later time (1–2 months) when the whole
plume is warmed to the equilibrium freezing temperature evaluated at the base of
the ice shelf. All supercooling is then eliminated from the domain and no frazil ice is
present, so the vertically integrated temperature rise over the course of the simulation
exactly matches the total latent heat release from all frazil which has formed and
precipitated onto the ice shelf.

4.2.2. Sensitivity studies

The main focus of this section is the sensitivity of results to changes in the quantities
directly related to precipitation and depth-variation. To consider the behaviour of our
precipitation formulation over a range of possible ice shelf and plume characteristics,
we vary Cd, U and UT , and to examine variations in depth-dependence, we consider
changes in the constant value specified for the vertical diffusivity. In order to apply
the model to the deposition phase of an ISW plume that is already laden with
frazil crystals, as opposed to one in which growth has yet to occur, we study the
effects of using initial conditions that match the frazil concentrations predicted by
SJ at the chosen plume location. The variation of some important model features is
summarized in table 1.
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When νT is reduced by an order of magnitude, the model produces a similar frazil
profile to that of the reference simulation. The quasi-steady state values of C(I )
and rs(I ) are both lower than in the reference simulation because Ri exceeds its
critical value sooner; the weakened diffusion allows frazil rising to induce a steeper
concentration gradient (and hence higher stability) for a given value of C(I ). The
quasi-steady precipitation rate, which is required to produce a balance of terms in the
laminar thin layer, is increased significantly to compensate for the reduced diffusion.

In contrast, increasing νT by an order of magnitude produces a qualitative change
in the model predictions. Flow in the thin layer never becomes laminar because the
large concentration gradients required to stably stratify it are prevented by stronger
turbulent diffusion and its suppression of crystal rising. Since the laminar precipitation
formulation is never deployed, this simulation has no quasi-steady state and, after the
familiar initial growth period, the frazil population quickly disappears as a result of
the reduced growth rates, ongoing turbulent precipitation and stronger downwards
diffusion of frazil.

The ‘low speed’ simulation is accomplished by setting U = 0.025 m s−1 and UT = 0,
values which are much lower than predictions for the Foundation Ice Stream
plume according to SJ. Results from this simulation are almost identical to those
from a simulation with a low drag coefficient specified at the base of the ice shelf
(Cd = 1.5 × 10−4). This implies that the influence of tides and turbulent precipitation
is small in these simulations, since the appearance of U and UT in (2.24) is the pri-
mary difference between varying U and Cd . The main consequence of reducing these
quantities is a reduction in the friction velocity, which widens the boundary layer and
allows larger eddies to be involved in bursting. Ri is therefore evaluated further from
the ice shelf (at a position of lower shear) and the flow in the thin layer becomes
laminar at a smaller stabilizing density (concentration) gradient, reducing the value
of C(I ) in the quasi-steady state. The prediction of less frazil precipitation in these
simulations is a consequence of the lower C(I ), since this reduces the rising flux more
than the diffusion and less precipitation is then required to balance the thin layer.

The opposite results are given by the ‘high speed’ (U = 0.2 m s−1, UT =0.05 m s−1

according to SJ) and high drag (Cd =1.5 × 10−2) simulations, which are also similar to
each other. Increasing u∗ compresses the boundary layer so that larger concentration
gradients are required to switch to laminar precipitation. This leads to much larger
quasi-steady-state values for C(I ) and unrealistically large precipitation rates. Predic-
tions of higher precipitation for faster plumes or a rougher boundary are clearly
unphysical, since increased turbulence should suppress frazil precipitation, but it
should be noted that the eddy diffusivity (which partially determines the precipitation
rate) is held at its reference value in all of these tests, which is inconsistent with
varying U or Cd . This highlights the importance of using a realistic turbulent
diffusivity (or, ideally, a higher-order turbulence closure) when using our precipitation
formulation.

The possible influence of a solutal boundary layer on the melting and freezing rates
at frazil crystal surfaces is tested by reducing Nu to 0.2 (following SJ). The effect of
this change is to slow down the crystal interaction terms relative to the rising and
diffusion terms. This results in a delay in the attainment of the quasi-steady state
and a lower significant radius when it is reached. C(I ) is also slightly lower in the
quasi-steady state because rising of frazil is of higher relative importance near the
surface, producing a sharper concentration gradient there. However, in agreement
with SJ, our model predicts that inclusion of the effect of a solutal boundary layer at
the frazil crystal surfaces does not qualitatively affect frazil growth in ISW plumes.
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The simulation which starts from the initial conditions of SJ confirms that the
reference simulation results are qualitatively representative of frazil ice populations
during the deposition phase of an ISW plume. The main effect of adopting these
alternative initial conditions is to increase the total initial ice concentration, leading
to cooling of the plume at depth as a result of melting and a higher growth rate
in the upper half of the plume. The quasi-steady state has a larger near-shelf frazil
concentration owing to reduced stability in the early stages of the simulation and,
as in other cases, this leads to a larger rising flux and increased precipitation. Since
we have used initial conditions appropriate to a specific location in SJ’s Foundation
Ice Stream plume, our precipitation rate could be regarded as a modification to their
results at this position. The depth-averaged model plume of SJ predicts along-shelf
frazil dynamics, the direct freezing rate, and plume temperature and depth, while our
model predicts the additional frazil growth and deposition which occurs if depth-
dependence is subsequently included. Although our quasi-steady precipitation rate
applies for only 1–2 months, in reality there is a constant supply of supercooled water
to this location and therefore it is appropriate to use the quasi-steady rate for the
whole year. As a crude manner of validating our precipitation model, it should be
noted that adding our quasi-steady precipitation rate of 3 m year−1 to the ice accre-
tion rate of SJ (0.5–1 m year−1) gives the local precipitation estimate of Joughin &
Padman (2003) (3–4 m year−1).

5. Discussion
In this paper, results are presented from a frazil ice dynamics model that incor-

porates a new formulation of the precipitation of buoyant frazil crystals into a
turbulent boundary layer. This formulation is suitable for use in a multi-dimensional
ISW plume model that incorporates frazil ice. The model is tested in two idealized
domains: a ‘well-mixed’ case with no spatial variation or frazil precipitation and a
one-dimensional plume cross-section with depth-dependent supercooling.

The study of the ‘well-mixed’ case showed that, as required, the most important
results of total ice volume and significant radius are never sensitive to changes in the
number of size classes Nice. Small discrepancies in results of the volume concentra-
tion between simulations with different numbers of size classes disappear as Nice → ∞
regardless of the initial conditions used; in any case the discrepancies between
Nice = 10 and Nice = 20 simulations are so small that it can be argued that 10 classes
are sufficient. A number of solution features, however, are sensitive to Nice variation. If
initial conditions are used in which ice is distributed amongst several size classes, the
model predictions of crystal number and the time taken to achieve the quasi-steady
state can vary sharply with Nice. This can have important consequences in studies
predicting the location of frazil precipitation. In practice, these findings suggest that
all initial frazil should be put into one size class (as in the study of Hammar & Shen
1995) unless there is a good reason to do otherwise.

The reference model of a cross-section through an ISW plume shows that a con-
siderable vertical variation can occur as a result of the depth-dependence of the
freezing temperature. Any vertically uniform plume temperature less than the freezing
temperature at the ice shelf base will produce a supercooling that decreases with
depth, resulting in favourable conditions for frazil growth near the ice shelf, where
populations are also enhanced by crystals rising from below under their own buoyancy.
A water parcel of uniform temperature that is cooled relative to the local freezing
point (e.g. owing to rising) will become supercooled at the top first (since the freezing
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temperature is higher there) and our simulations imply that the supercooling there
will be quenched last. Only multi-dimensional modelling will reveal whether this is
important in determining the dynamics of an ISW plume.

As frazil concentrations increase near the ice shelf, flow in the near-shelf boundary
layer becomes laminar as a result of frazil-induced viscosity increases and stable
stratification, and our model predicts that a quasi-steady frazil distribution will form.
In this state, frazil rising and a tiny ice growth balance precipitation onto the shelf
and turbulent mixing of crystals back into the open plume. The precipitation rate
predicted by our model (2.30) is determined by the relative magnitude of rising,
diffusion and growth.

Sensitivity studies performed on the results from this plume section show that
the value of C(I ) in the quasi-steady state depends upon the exact contribution of
viscosity and stratification responsible for raising Ri to its critical value. This state
may never be achieved if turbulence is strong enough to overcome frazil rising into
the boundary layer. It was demonstrated how the quasi-steady precipitation rate
and profile of frazil concentration throughout the upper plume are dependent upon
both C(I ) and the balance of terms in the thin layer. Finally, it was shown that
the uniform initial conditions employed throughout this paper give results that are
qualitatively similar to simulations using results of SJ to provide initial conditions.
At this particular location, the additional precipitation we predict seems to bring
modelling estimates of basal accretion into line with rates inferred from observation.

The results from this modelling study show that frazil ice will be preferentially
located toward the top of ISW plumes, with volume concentrations increasing towards
a narrow layer near the ice shelf base. The study also elucidates the balance between
turbulence and frazil dynamics that govern the deposition rate of frazil ice into an
overlying boundary layer. These are both advances in our understanding of factors
limiting the mass transfer rate of the ice pump mechanism.

We are extremely grateful to Adrian Jenkins, whose careful review of an earlier
draft helped us to improve this paper significantly.
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