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Analytical solutions of a minimal model of
species migration in a bounded domain
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Abstract. A minimal model of species migration is presented which
takes the form of a parabolic equation with boundary conditions and
initial data. Solutions to the di!erential problem are obtained that can
be used to describe the small- and large-time evolution of a species
distribution within a bounded domain. These expressions are com-
pared with the results of numerical simulations and are found to be
satisfactory within appropriate temporal regimes. The solutions pre-
sented can be used to describe existing observations of nematode
distributions, can be used as the basis for further work on nematode
migration, and may also be interpreted more generally.
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1. Introduction and model

Over the last few decades much use has been made of chemotaxis-
di!usion models to describe the movement of cells, bacteria and whole
organisms in the presence of chemical gradients, see, for example,
[9, 11]. These models have been based upon the generic model intro-
duced by [10], with speci"c functional dependencies of the parameters
chosen according to the particular application. Our own particular
motivation for studying a model of migration is to explain and predict
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the observations of experimentalists working on the movement of
nematodes in response to chemical gradients. The migration of
nematodes through soil is of signi"cant interest since they play an
important role in mediating nutrient turnover, may in#ict damage on
crops and transport otherwise relatively immobile organisms through
the soil [27]. In this paper, we consider the simplest form of
chemotaxis-di!usion system which can give rise to migration and work
in one spatial dimension only. Since laboratory experiments on migra-
tion, by necessity, take place in relatively low volume containers, we
shall restrict our attention to a bounded domain with no-#ux
boundary conditions. We obtain solutions of this system using
several analytical methods and these are then compared with
numerical simulations. The system we consider is given by the evolu-
tion equation
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where n (x, t) represents the population density of a species (e.g. cell,
bacteria or organism) and a (x, t) represents the concentration of some
chemical, both being functions of position x and time t. The parameters
in the equation are Dw, the di!usion coe$cient or random motility of
the species, and sw, the coe$cient of chemotactic response of the
species to the chemical gradient La/Lx. We consider the case of Fickian
di!usion, where Dw is a constant, and also the case where sw is
a constant. Equation (1) may be supplemented by an equation govern-
ing the evolution of the chemical concentration pro"le a(x, t). Under
the assumption that the chemical simply di!uses throughout the
domain and undergoes some simple decay, with some possible uptake
by n (x, t), a suitable generic equation for a would be:
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Lt

"D
a

L2a
Lx2

!f (a, n), (2)

where D
a

is the (constant) di!usion coe$cient of the chemical and
f (a, n) is some appropriate function modelling the decay and uptake of
the chemical.

In the present analysis we make the further simplifying assumption
that there is a constant chemical gradient, La/Lx"Aw. This latter
assumption follows because we assume that the attractant pro"le has
reached steady state before the species is placed into the domain i.e.
a(x, t),a(x) cf. [19]. However, if the chemical attractant di!uses very
much faster than the species (typically true) then this assumption is also
valid cf. [4}6, 24]. The above set of assumptions reduce the evolution
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equation (1) to

Ln
Lt

"Dw
L2n
Lx2

!swAw
Ln
Lx

, (3)

with boundary conditions

Dw
Ln
Lx

!swAwn"0, (x"0, l), (4)

and initial data

n"n
0
(x), (t"0). (5)

The model therefore describes the temporal evolution of a distribution
of species from an initial distribution n

0
(x), which are contained within

the domain [0, l] by the no-#ux boundary conditions. The model is
essentially quite simple: in the absence of any relevant external stimuli,
the species moves randomly; the presence of a chemical gradient
provides a directional bias to this motion. The chemotactic response
swAw describes the strength and nature of the directional bias; the
species preferentially migrates up the chemical gradient and we
describe the chemical as an attractant.

Before proceeding with our analysis, we perform a simple re-scaling
of the equations (3) and (4). We scale n with some reference density
n* and set nJ "n/n*. We can emphasise the role of the bounded domain
by nondimensionalising using its length l and setting xJ "x/l.
Though there are timescales characteristic of di!usion and chemotaxis
in the problem, we prefer to make no implicit assumptions about rates
of evolution and simply scale elapsed time with an appropriate arbit-
rary scale q (e.g. the average time taken for the nematodes to move
from one end of the cylinder to the other), where tJ"t/q. The scaled
equations are therefore (upon dropping the tildes for notational con-
venience)

Ln
Lt

"D
L2n
Lx2

!sA
Ln
Lx

(6)

and

D
Ln
Lx

!sAn"0, (x"0, 1), (7)

with initial data n (x, t)"n
0
(x) and where we have introduced the

dimensionless parameters

D"Dw
q
l2

, sA"swAw
q
l
. (8)
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We note that if we choose to scale time on the di!usion timescale of the
species, q"l2/Dw, then the evolution equation becomes

n
t
"n

xx
!an

x
,

where the dimensionless parameter

a"
swAwl
Dw

"

sA
D

. (9)

Alternatively, choosing to scale time on the chemotaxis timescale of the
species, q"l/(swAw), leads to

n
t
"a~1n

xx
!n

x
.

Finally we note that a third option is to scale time on the di!usion
timescale of the chemical and use q"l2/D

a
cf. [5, 6]. The results that

are presented in this paper may be expressed in any of these well-
known scalings by choosing q appropriately.

Because of its simplicity, the above model (6), (7), (5) is very general.
We have used this model to describe the evolution of a nematode
distribution within a cylinder of soil [7]. The experimental situation
is as follows: A chemical attractant is supplied at constant rate to one
end of a cylinder of soil and, as time evolves, the attractant di!uses
from the source and establishes an attractant gradient throughout the
cylinder. Robinson, [19], used carbon dioxide gas as the attractant and
found that, after a transitory period, a linear pro"le was sustained.
Once the steady attractant gradient is reached, the nematodes are
placed at the end of the cylinder opposite to the source. Since the walls
of the cylinder are impermeable, we may use the above one-dimen-
sional chemotaxis-di!usion system to model how the nematode distri-
bution evolves with time in response to the constant attractant
gradient.

In the following sections, we perform an analysis of our non-
dimensional system (6), (7), (5) and obtain closed-form solutions
which are appropriate for the small- and large-time evolution of
the species distribution. The explicit dependence upon the para-
meters a!orded by these solutions allows careful interpretation
of species migration. The mathematical properties of more generalised
di!usion-migration systems may be found in [2, 8, 20, 12]. Among
the potential areas of application of the above equations are the
migration of cells during angiogenesis [4, 18, 15, 16], the invasion
of cancer cells [17], the motion of bacteria [10], leukocytes [25, 26, 3]
and the motion of non-swarming #ies and other organisms
[1, 13, 14, 23].
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2. Preliminary remarks and solution in an unbounded domain

Before we present solutions to the system (6), (7) and (5), we "rst
analyse properties of the solution we can obtain by inspection. In the
limit

lim
sA
D

"0, (10)

(6) becomes a simple di!usion equation. The initial species distribution
will dissipate; the no-#ux conditions imply that n (x, tPR)Pcon-
stant. Consider now the singular limit

lim
D
sA

"0. (11)

The order of (6) has been reduced, it is now of hyperbolic form and can
support travelling wave solutions. We might reasonably expect, there-
fore, that the solution to the full problem will combine aspects of
di!usive and translational behaviour.

Consider an unbounded domain so that we may abandon the
boundary conditions (7). We note that if /(x, t) satis"es

L/
Lt

"D
L2/
Lx2

, (12)

the canonical di!usion equation, then

n"/(x!sAt, t) (13)

satis"es (6), the full chemotaxis-di!usion equation. This enables us to
write the solution for the evolution of a species distribution in an
unbounded domain as

n (x, t)"
1

J4nDt P
=

~=

expA!
(x!sAt!s)2

4Dt Bn
0
(s) ds, (14)

where we have used well-known elementary techniques (see, for
example, [28]).

We illustrate this solution in Fig. 1 for the case in which the initial
data is given by a Dirac delta function, n

0
(x)"d(x); the solution is

a translating free-space Green's function of the di!usion equation.
Clearly, in an unbounded domain, the species distribution dissipates
from some initial distribution n

0
(x) whilst translating up the attractant

gradient with speed

c"sA. (15)
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Fig. 1. Plot of the evolution of a di!using and translating species distribution in an
unbounded domain at various times. The solution pro"les are obtained from Eq. (14)
with D"sA"1.

3. Solutions in a bounded domain

3.1. Steady state

The steady-state species distribution pro"le n
s
(x) is given by

D
Ln

s
Lx

!sAn
s
"0. (16)

For the dissipative system that we consider in this paper, the steady-
state distribution corresponds to that sustained after some transitory
period. The steady-state species distribution is

n
s
(x)"

a exp(ax)
exp(a)!1

, (17)

where a"sA/D and the constant of integration has been chosen such
that the species distribution is normalised,

P
1

0

n
s
(x) dx"1. (18)
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3.2. Eigenfunction analysis

The system (6), (7) and (5) yields a solution by separation,

n(x, t)"X(x)¹(t). (19)

Substitution into (6) yields

¹(t)"exp(!k2t) (20)
and X(x) is given by

d
dx AD

dX
dx

!sAXB#k2X"0, (21)

where k2 is an eigenvalue to be determined from the boundary
conditions. We transform the spatial problem into self-adjoint,
Sturm-Liouville form by use of the transformation of the dependent
variable

X(x)"/(x)g(x), (22)
where

/"exp(ax) (23)

is the weighting function and a"sA/D is the expression used in the
steady-state solution of the above section. Our problem now becomes

d
dx AD/

dg
dxB#k2/g"0, (24)

subject to
dg
dx

"0, (x"0, 1), (25)

and the initial data will be satis"ed by constructing an appropriately
weighted sum of eigenfunctions of the above problem. The equation for
the eigenfunctions u

j
is, from (24),

d2u
j

dx2
#a

du
j

dx
#

k2

D
u
j
"0, (26)

subject to
du

j
dx

"0, (x"0, 1). (27)

Elementary methods yield the solution to be

u
j
"a

j
e~ax@2(cos(njx)#

a
2nj

sin(njx)), (28)
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where each a
j

is "xed by the weighted normalisation :1
0
/u2

j
dx"1

to be

a
j
"A

8j2n2

4j2n2#a2B
1@2

. (29)

The eigenvalues are given by

k2
j
"j2Dn2#Da2/4. (30)

The self-adjointness of the problem now guarantees the solution

n (x, t)"n
s
(x)#

=
+
j/1

e~k2j t/(x)c
j
u
j
(x), (31)

where the coe$cients c
j
are determined from the initial data

c
j
"P

l

0

(n
0
(x)!n

s
(x))u

j
(x) dx, j"1, 2,2 (32)

Now consider the summand in (31),

exp(ax/2!j2Dn2t#D(a2/4)t)c
j
a
j
(cos(njx)#

a
2nj

sin(njx)). (33)

For a given j, the exponential factor determines the evolution of the
amplitude of the eigenfunction component as a function of position
x and time t. The phase speed c

p
( j ) of this component is

c
p
"

2j2n2D2

sA
#

1
2

sA. (34)

The functional dependence of c
p
( j ) on A is possibly counter-intuitive

since it implies that as the concentration gradient tends to zero, the
translation speed of the eigenfunction component tends to in"nity.
However, it is the sum of the eigenfunction components which, to-
gether with n

s
(x), determines the shape of the species distribution and

this travels at the so-called group speed (independent of j), which is

c
g
"1

2
sA. (35)

The group speed c
g
has the expected proportional dependence on the

attractant concentration gradient. Note how this compares to the
free-space speed of the whole distribution in Sect. 2.

The form of the solution (31) is useful for intermediate to large
times since the decaying exponential allows a reasonable partial-sum
approximation with just a few terms. Since a

j
PJ2 as jPR, we may

expect, if M terms are included in the series, that the partial sum will
provide a good approximation for times t<1/k2

M
but be of limited use
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for times t;1/k2
M

. This implies that an unreasonably large number of
terms are required to describe the small-time evolution of the species
distribution.

3.3. Small-time analysis

We present here an alternative analysis of the problem (6), (7) and (5)
which gives rise to a form of solution more suited to small times.

The transformation of the dependent variable

n(x, t)"exp(a
1
x)g(x, t) (36)

transforms the problem into

Lg
Lt

"D
L2g
Lx2

!ba
1
g, (37)

subject to
Lg
Lx

!a
1
g"0, (x"0, 1), (38)

g"g
0
(x)"e~a1xn

0
(x), (t"0), (39)

where

a
1
"

sA
2D

, b"
1
2

sA. (40)

The advantage of this formulation is that though, once again, the
operator is expressed in self-adjoint form, it now has constant coe$-
cients. Note, however, that the full problem is not self-adjoint due to
the boundary conditions.

We can transform the above partial-di!erential problem into a two
boundary-point ordinary-di!erential problem by use of the Laplace
transform,

L[ ' ]"P
=

0

[ ' ]eptdt. (41)

Denoting Laplace-transformed variables with an over-bar, our
problem becomes

D
d2g6
dx2

!ba
1
g6 !pg6 "!g

0
(x), (42)

subject to
dg6
dx

!a
1
g6 "0, (x"0, 1). (43)
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We solve this inhomogeneous problem using the technique of Green's
functions. Our bounded Green's function K(x, f) must satisfy

L2K (x, f)
Lx2

!CK(x, f)"!d(x!f), (44)

subject to
LK (x, f)

Lx
!a

1
K(x, f)"0, (x"0, 1), (45)

where

C"

a
1
b

D
#

p
D

. (46)

The solution to this problem may be found by constructing a function
K(x, f) which satis"es

L2K(x, f)
Lx2

!C K(x, f)"0, (x9f), (47)

with jump conditions at x"f,

[K(x, f)]`
~
"0, C

LK(x, f)
Lx D

`

~

"!1, (x"f), (48)

(see, for example, [28]), and which satis"es the boundary conditions
(45). After some algebra, the solution is found to be

K"K
1
, (x(f),

K"K
2
, (x'f),

(49)

where
K

1
"c (C1@2cosh(C1@2x)#a

1
sinh(C1@2x))

](C1@2 cosh(C1@2 (1!f))!a
1
sinh(C1@2(1!f)), (50)

and

K
2
"c(C1@2cosh(C1@2(1!x))#a

1
sinh(C1@2(1!x)))

](C1@2 cosh(C1@2f)!a
1
sinh(C1@2f)), (51)

where

c"((!a2
1
C1@2#C3@2)sinh(C1@2))~1. (52)

Note that K
1
(x, f)"K

2
(f, x), as required by symmetry of the Green's

function. Green's theorem then gives

g6 (x)"P
1

0

g
0
(f)

D
K(x; f) df. (53)
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The expression for the inverse-Laplace transform, L~1[ ' ], allows us
to write

g(x, t)"P
B

1
2ni

eptCP
1

0

g
0
(f)
D

K(x; f, p) df] dp, (54)

where :
B
dp is the integral about the Bromwich contour. Continuity

allows us to exchange the order of integration and, using (49),
we write

g (x, t)"
1
D GP

x

0

L~1[K
2
(x; p, f)]g

0
(f) df

#P
1

x

L~1[K
1
(x; p, f)]g

0
(f) dfH. (55)

The inverse transforms in this expression are not trivial but we may
make progress by focusing our attention upon the Abelian limit of
large p; this corresponds to small times t in the untransformed vari-
ables. Though this limit is necessary in order to make analytical
progress, it does bound the accuracy obtainable in series derived from
it. To leading order in p, we "nd that

K
1
&A

D
pB

1@2 1
sinh((p/D)1@2)

cosh((p/D)1@2x)cosh((p/D)1@2(1!f)) (56)

and

K
2
&A

D
pB

1@2 1
sinh((p/D)1@2)

cosh((p/D)1@2(1!x))cosh((p/D)1@2f). (57)

The required symmetry of the Green's function is also maintained in
this limit. It is worth noting that in this leading order approximation,
the dependency of the solution on the chemotactic response s appears
only in the exponential factor in the transformation (36) i.e. to leading
order in p, the solution g(x, t) does not depend on s. This corresponds,
for small times, to an exponential attenuation of the di!usion-only
population density in the direction of decreasing attractant concentra-
tion. Similar behaviour has been noted in models of insect dispersal,
see [22] and [11]. Since

1
sinh((p/D)1@2)

"2 exp(!(p/D)1@2)
=
+
k/0

exp(!2(p/D)1@2k), (58)
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we write

K
1
&A

D
4pB

1@2 =
+
k/0

Mexp[(p/D)1@2(!2k#x!f)]

#exp[(p/D)1@2(!2k#x#f!2)]

#exp[(p/D)1@2(!2k!x!f)]

#exp[(p/D)1@2(!2k!x#f!2)]N (59)
and

K
2
&A

D
4pB

1@2 =
+
k/0

Mexp[(p/D)1@2(!2k!x#f)]

#exp[(p/D)1@2(!2k#x#f!2)]

#exp[(p/D)1@2(!2k!x!f)]

#exp[(p/D)1@2(!2k#x!f!2)]N. (60)

This formulation allows us to utilise the result

LC
1

Jnt
expA!

y2

4tBD"
1

Jp
exp(!yJp), y'0, (61)

which implies

L~1C
1

J4Dp
exp(!(p/D)1@2h)D"

1

J4nDt
expA!

h2
4DtB"G(h, t), h'0,

(62)

where G (h, t) is the free-space Green's function for the parabolic
di!usion equation obtained by setting s"0 in (6). Thus

L~1[K
1
]&D

=
+
k/0

MG(!x#f#2k, t)#G (2#2k!x!f, t)

#G(x#f#2k, t)#G(2#2k!f#x, t)N. (63)

and

L~1[K
2
]&D

=
+
k/0

MG(x!f#2k, t)#G (2#2k!x!f, t)

#G(x#f#2k, t)#G(2#2k#f!x, t)N, (64)

since, within the domains of integration of (55), the spatial arguments
of the free-space Green's functions are positive. Combining results, we
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"nally obtain the approximation to the solution

n(x, t)&exp(a
1
x)

=
+
k/0
GP

x

0

g
0
(f) (G(x!f#2k, t)

#G(2#2k!x!f, t)#G (x#f#2k, t)

#G(2#2k#f!x, t)) df

#P
1

x

g
0
(f) (G(2k#f!x, t)#G(2k#2!x!f, t)

#G(x#f#2k, t)#G(x!f#2k#2, t)) dfH , (65)

which yields the small-time evolution of arbitrary initial data g
0
(x).

Further progress can be made for the speci"c case in which the
initial data is

n
0
(x)"

1
d

ea1x, (06x6d),

n
0
(x)"0, (d(x61). (66)

This choice of initial data makes g
0
(f) a step function, which simpli"es

(55) to

g (x, t)"!

1
DGP

x

0

1
d
L~1[K

2
(x; p, f)] df

#P
d

x

1
d
L~1[K

1
(x; p, f)] dfH , (06x6d),

g (x, t)"!

1
DGP

d

0

1
d
L~1[K

2
(x; p, f)] dfH , (d(x61). (67)

It is easy to show that

P
b

a

G(u$f, t) df"$

1
2 Gerf C

u$b

2JDtD!erfC
u$a

2JDtDH , (68)

where erf[x] is the error function, de"ned as

erf [x]"
2

Jn P
x

0

e~s2 ds. (69)
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Combining (36), (63), (64), (67) and (68), we obtain our composite
solution

n(x, t)&
exp(a

1
x)

2d
=
+
k/0

M!2erf [(2k)/(2JDt)]#2erf [(2#2k)/(2JDt)]

#erf [(!x#2k#d)/(2JDt)]!erf [(2#2k!x!d)/(2JDt)]

#erf [(x#2k#d)/(2JDt)]

!erf [(2#2k#x!d)/(2JDt)]N , (06x(d),

n(x, t)&
exp(a

1
x)

2d
=
+
k/0

M!erf [(x#2k!d)/(2JDt)]

!erf [(2#2k!x!d)/(2JDt)]#erf [(x#2k#d)/(2JDt)]

#erf [(2#2k!x#d)/(2JDt)]!2erf [(x#2k)/(2JDt)]

!2erf [(!x#2#2k)/(2JDt)]N , (d6x61), (70)

4. Comparison of analytical solutions with numerical simulations

We now use accurate numerical integrations to allow us to determine
the e!ectiveness of the analytical expressions obtained in the preceding
section. The chemotaxis-di!usion system (6), (7) and (5) was solved
using NAG routine D03PCF with initial data given by (66) with
d"0.1. The parameters used initially were sA"1 and D"1. This set
of parameters was chosen as this is a distinguished limit revealing the
dynamics of both di!usion and chemotaxis without either e!ect domi-
nating. In many experimental situations, D and sA will di!er by several
orders of magnitude; this is discussed in [7] where the model is applied
to the evolution of a population of nematodes. Brie#y, if D'sA then
the population translates up the attractant gradient with a wider, more
di!use pro"le. If sA'D then the opposite is true.

In Fig. 2 we compare the results of the numerical solution of our
model with the k"0th approximation of (70), the Abelian-limit
solution, for small times. As expected, for times close to t"0, the
analytical approximation does well but quickly loses accuracy as time
evolves.

In Fig. 3 we compare the results of the numerical solution of our
model with the k"10th approximation of (31), the eigenfunction
solution, for larger times. In order to account for the non-normalised
initial data, we have multiplied the steady state solution by the factor
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Fig. 2. Illustration of the small-time evolution of a species distribution comparing the
numerical solution to (6), (7), (5), (66) with the small-time Abelian limit. The parameters
used were d"0.1, sA"1 and D"1: the solid line is the numerical solution and the
dashed line was obtained using the Abelian limit, (70).

Fig. 3. Illustration of the large-time evolution of a species distribution comparing the
numerical solution to (6), (7), (5), (66) with the large-time limit obtained from the eigen-
value expansion: the solid line is the numerical solution and the dashed line was obtained
using 10 terms in the eigenfunction expansion (31). Parameter values as per Fig. 2.
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Fig. 4. Comparison of the Abelian-limit solution (dashed line) with the numerical
solution (solid line) at later times. The "gure illustrates the poor approximation of the
Abelian-limit in this instance. Parameter values as per Fig. 2.

Fig. 5. Comparison of the eigenfunction solution with 10 terms (dashed line) with the
numerical solution (solid line) at early times. The "gure illustrates that although the
approximate eigenfunction solution matches the numerical solution quite well in
the part of the domain 06x60.15, it does so at the expense of becoming negative in
the remainder of the domain. Parameter values as per Fig. 2.
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Fig. 6. Comparison of the Abelian-limit solution (dashed-dotted line), the eigenfunc-
tion solution with 10 terms (dashed line) and the numerical solution (solid line) at
intermediate times. In this temporal regime, the eigenfunction approximation matches
the numerical solution more closely than the Abelian-limit solution. Parameter values
as per Fig. 2.

Fig. 7. Numerical solution of the model in the case of weak di!usion D"10~2;1,
with all other parameters the same as in the previous Figs. 2}6.
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(1/:d
0
n
0
(x) dx). The agreement between the solutions is particularly

good as the species distribution approaches the steady-state
pro"le.

In Fig. 4 we compare the Abelian-limit solution for later times with
the numerical solution. Whilst the curvatures of the analytical
solutions are correct, the solutions are clearly quantitatively inaccurate
and the solution based upon eigenfunctions (in Fig. 3) is better. More
terms do not appreciably alter the accuracy of (70) and so we conclude
that greater accuracy is only obtainable by considering a higher-order
asymptotic approximation of the Abelian limit.

In Fig. 5 we compare the corresponding plots of the eigenfunction
solution for early times with the numerical solution. Agreement here is
generally good but we see that the eigenfunctions fail to deal with the
singularity in the initial data. This causes the solution to overshoot at
small x and oscillate, giving unrealistic negative values of the species
population density. Inclusion of further eigenfunctions increases the
accuracy although agreement at small times is still weak. The Abelian-
limit solutions (shown in Fig. 2) are thus preferrable.

In Fig. 6 we compare our Abelian-limit solutions and our eigen-
function solutions with each other and with the numerical solution for
intermediate times. Comparison with the numerical solutions shows
the eigenfunction solution to be a good approximation and preferrable
to the Abelian-limit solution for these times.

Finally Fig. 7 shows numerical solutions of the model for the case
in which D"10~2 and the other parameters are the same as used
previously. This can be thought of as being due to the domain length
l being large or the random motility of the species, Dw, being weak. In
this case, the e!ect of the boundaries of the domain is minimal and our
solutions look like those shown in Fig. 1 for an unbounded domain.
Comparison of Fig. 7 with Figs. 2}6 reveal that extreme care must be
taken in generalising the results of experiments performed in bounded
apparatus.

5. Discussion

A minimal model of species migration has been described and analyti-
cal solutions obtained. The model includes the e!ect of random motion
(di!usion) and directed motion (chemotaxis). In a more general model,
the attractant would be distributed in space and evolve with time.
A member of a species will move randomly but with a bias toward
a source of attractant. This represents a strategy whereby the species
member migrates toward the attractant source (e.g. food) whilst
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continuing to explore for better sources. Considering the biological
implications of the results of the model, with speci"c attention to
movement of nematodes, the bene"t of this biased-random-motion
strategy is illustrated using the model presented in this paper with the
following arguments: Suppose that the source of attractant gradient is
a plant root located within x"l!dl to x"l (dl/l;1) and the species
is a parasitic nematode which attacks the root. The results of our
model show that the rate at which nematodes reach the root is a!ected
by chemotaxis. Imagine a nematode initially a distance z from the root.
In a di!usion-only model in which the nematode executes a random
walk, the nematode will, on average, reach the root once JDwt"z i.e.
after a time t

D
w"z2/Dw. In a chemotaxis-only model the nematode

reaches the root once swAwt"z i.e. after a time tsw

A
w"z/(swAw). If z is

large (the nematode starts far from the root) then tsw

A
w;t

D
w and

a biased-random-motion strategy is clearly preferable (especially if
t
D

w is greater than the lifetime of a nematode).
Chemotaxis also a!ects the steady-state solutions. In a di!usion-

only model, the steady-state solution is n"1/l (the value of the
constant is set from normalisation). Thus each nematode spends a frac-
tion of its time dl/l;1 at the root. The chemotaxis-di!usion model
predicts the fraction of time at the root to be :l

l~dl ns (x) dx+
swAw/Dw dl'(dl)/l (an approximation that is valid provided a'1).
Thus, the adoption of a biased-random motion strategy leads to each
nematode being better fed. Similar conclusions may be drawn for
applications of the model to other biological scenarios.

A solution to the minimal model equations using separation and
eigenfunctions was obtained which was suitable for intermediate to
large times but was shown to be inappropriate for describing the
small-time evolution of the species distribution. An alternative analysis
using Laplace transforms, Green's functions and an Abelian limit,
provided a solution which was found to be more appropriate for small
times. Both solutions were compared with numerical integrations and
found to be satisfactory within the appropriate temporal regimes. The
eigenfunction solution obtained is most useful for describing the distri-
bution of a species as it approaches its steady-state pro"le. However, in
many experimental procedures the steady-state pro"le is not obtained
because this is approached on a timescale large compared to the
duration of the experiment or lifetime of the species. In this case the
Abelian-limit solution is appropriate.

In an experimental situation in which the steady-state is reached (or
closely approached), the steady-state pro"le could be used to estimate
the ratio a"sA/D and time-series data matched with the eigenfunc-
tion solution used to determine sA and D independently. Whilst
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separate experiments with no attractant present can be be used to
determine D, there can be complications if this is sensitively dependent
upon external variables or dependent upon the attractant concentra-
tion (this situation, so-called chemokinesis, has not been considered in
this paper). The values for sA and D obtained by matching data with
the eigenfunction solution can then be used to predict the small-time
behaviour of the species. The Abelian-limit solution is particularly
useful for describing the motion of a species just after it has been placed
into one part of an experimental apparatus since in this case the
related roles of di!usion and chemotaxis can be hard to discern.
Comparison of accurate data with the solutions presented would help
to validate a chemotaxis-di!usion model and possibly lead to new
insights. One prediction of our analysis is that the e!ect of chemotaxis
at early times is just to exponentially attenuate the di!usion-only
pro"le so that the distribution is skewed toward the direction of
increasing attractant.

We conclude that a species distribution di!uses as it translates up
the attractant gradient with speed sA until it adopts an exponential
steady-state pro"le. The simple but general model considered in this
paper has direct application to the evolution of a distribution of
nematodes within a cylinder of soil in response to a constant gradient
of chemical attractant. For the case of nematodes, the solutions
obtained are consistent with the observations of [19]; a fuller analysis
of the nematode system may be found in [7]. We note that the results
of the model have wider application to many other biological and
ecological problems cf. [1, 3, 4, 10, 13}18, 25, 26, 23]. We also give one
speci"c example of another biological problem where experiments are
currently being carried out which will enable model parameters such as
D and s to be estimated } the recent experiments of Schor et al. [21]
concerning the migratory response of endothelial cells to various
chemical cytokines (e.g. VEGF) carried out in a novel experimental
set-up using 3-dimensional collagen gels. The construction of these gels
is such that it is possible to distinguish between random motion,
chemokinetic motion and chemotactic motion of the cells and to
measure and estimate the appropriate cell motility parameters [21].

Finally we note that the explicit parameterisation a!orded by the
analytical forms determined in this paper allows careful interpretation
of migration within bounded domains over all timescales in a variety of
applications.
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